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F Consumption Dependence

F.1 Enriched Primitive

To accommodate consumption dependence, we enrich the stochastic choice data studied in
previous sections: We not only keep track of past choices of lotteries from menus, but also of
the corresponding realized consumptions.

The dynamic stochastic choice rule ⇢ is again defined recursively. The observed choice distri-
bution at period 0 is summarized by a map ⇢0 : A0 ! �(�(X0)) such that

P
p02A0

⇢0(p0;A0) =
1 for all A0. The set of enriched period 0 histories 0 := {(A0, p0, z0) : ⇢0(p0, A0) > 0 and z0 2
supp pZ0 } summarizes all choices p0 from A0 and realized consumptions z0 that jointly occur
with positive probability. For any history 0 = (A0, p0, z0) 2 0, let A1( 0) := {A1 2 A1 :
(z0, A1) 2 supp p0} denote the set of period 1 menus that follow 0 with positive probability.
For each t = 1, . . . , T and history t�1 2

t�1, observed period t choices following t�1 are
summarized by a map ⇢

t

(·| t�1) : A
t

( t�1) ! �(�(X
t

)) such that
P

pt2At
⇢

t

(p
t

;A
t

| t�1) = 1
for all A

t

2 A
t

( t�1). The set of enriched period-t histories is denoted by

t

:= {( t�1
, A

t

, p

t

, z

t

) : t�1 2
t�1; At

2 A
t

( t�1); ⇢
t

(p
t

;A
t

| t�1) > 0; z
t

2 supp pZ
t

}.

For each t  T � 1, the set of period t+ 1 menus that follow history t = ( t�1
, A

t

, p

t

, z

t

) with
positive probability is A

t+1( t) := {A
t+1 2 A

t+1 : (zt, At+1) 2 supp p
t

} and the set of period-t
histories that lead to A

t+1 with positive probability is
t

(A
t+1) := { t 2

t

: A
t+1 2 A

t+1( t)}.
Finally, for each t = 1, . . . , T and consumption stream z

t�1 = (z0, ..., zt�1) 2 Z

t, let z

t�1

t�1 :=
{ t�1 2

t�1 : t�1 = (A0, p0, z0, ..., At�1, pt�1, zt�1) for some A0, p0, . . . , At�1, pt�1} denote the
set of histories that give rise to consumption stream z

t�1; and let z

t�1

t�1 (At

) := z

t�1

t�1 \
t�1(At

).

F.2 Representations

We define the consumption dependent versions of our representations by extending the S-based
representations introduced in Section A. Equivalent analogs of the ⌦-based representations from
the main text can be defined, but are omitted to save space.

Definition 14. A consumption-dependent DREU (CDREU) representation of ⇢ consists of
tuples (S0, µ0, {Us0 , ⌧s0}s02S0), (St

, {µst�1,zt�1
t

}
st�12St�1,zt�12Z , {Ust , ⌧st}st2St)1tT

such that for
all t = 0, . . . , T , we have:

CDREU1: For all s
t�1 2 S

t�1 and z

t�1 2 Z, (S
t

, µ

st�1,zt�1
t

, {U
st , ⌧st}st2St) is an REU form

1



on X

t

such that51

(a) U

st 6⇡ U

s

0
t
for any distinct s

t

, s

0
t

2 supp(µst�1,zt�1
t

);

(b) supp(µst�1,zt�1
t

) \ supp(µ
s

0
t�1,z

0
t�1

t

) = ? for any distinct pairs (s
t�1, zt�1), (s0

t�1, z
0
t�1);

(c)
S

st�12St�1,zt�12Z suppµst�1,zt�1
t

= S

t

.

CDREU2: For all p
t

, A

t

, and t�1 = (A
k

, p

k

, z

k

)t�1
k=0 2 t�1(At

),52

⇢

t

(p
t

, A

t

| t�1) =

P
(s0,...,st)2S0⇥...⇥St

Q
t

k=0 µ
sk�1,zk�1

k

(s
k

)⌧
sk
(p

k

, A

k

)
P

(s0,...,st�1)2S0⇥...⇥St�1

Q
t�1
k=0 µ

sk�1,zk�1

k

(s
k

)⌧
sk
(p

k

, A

k

)
.

A consumption-dependent evolving utility representation of ⇢ is a CDREU representation
such that for all t = 0, . . . , T , we additionally have:

CEVU: For all s
t

2 S

t

, there exists u
st 2 RZ such that for all z

t

2 Z,A

t+1 2 A
t+1, we have

U

st(zt, At+1) = u

st(zt) + V

st,zt(At+1),

where V

st,zt(At+1) :=
P

st+1
µ

st,zt
t+1 (st+1)max

pt+12At+1 Ust+1(pt+1) for t  T � 1 and V

sT ,zT ⌘ 0.
An active learning representation is a consumption-dependent evolving-utility representation

such that additionally:
CGL: There exists � 2 (0, 1) such that for all t = 0, . . . , T � 1 and s

t

, z

t

2 S

t

, we have53

u

st =
1

�

X

st+1

µ

st,zt
t+1 (st+1)ust+1 .

F.3 Characterization

F.3.1 Consumption-Dependent DREU

Consumption-dependent DREU is equivalent to natural analogs of Axioms 1–4 used to charac-
terize DREU. The only di↵erence is that in defining contraction equivalence, linear equivalence,
the extended version of ⇢, and convergence of histories, we need to restrict attention to histories
whose sequences of realized consumptions coincide.

Given t�1 = (A0, p0, z0, ..., At�1, pt�1, zt�1) 2
t�1, let ( t�1

�k

, (A0
k

, p

0
k

, z

0
k

)) denote the se-
quence of the form (A0, p0, z0, ..., A

0
k

, p

0
k

, z

0
k

, ..., A

t�1, pt�1, zt�1).54 We say that t�1 2
t�1 is

contraction equivalent to t�1 if for some k, we have t�1 = ( t�1
�k

, (B
k

, p

k

, z

k

)), where A
k

✓ B

k

and ⇢

k

(p
k

, A

k

| k�1) = ⇢

k

(p
k

, B

k

| k�1). We say that a finite set of histories t�1 ✓
t�1 is

linearly equivalent to t�1 if

t�1 = {( t�1
�k

, (�A
k

+ (1� �)B
k

,�p

k

+ (1� �)q
k

, z

k

)) : q
k

2 B

k

}
51For t = 0, we abuse notation by letting µ

st�1,zt�1

t denote µ0 for all st�1, zt�1.
52For t = 0, we again abuse notation by letting ⇢t(·| t�1) denote ⇢0(·) for all t�1.
53Note that subject to multiplying Ust and ust by �T�t for each t and st, this yields the representation in

equation (8) in the main text.
54In general this is not a history in t�1, but it is if (zk�1, A

0
k) 2 supp pk�1 and (zk, Ak+1) 2 supp p0k and

⇢k(p0k;A
0
k| k�1) > 0.
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for some k, B
k

, and � 2 (0, 1].

Axiom 11 (Contraction History Independence*). If t�1 2
t�1(At

) is contraction equivalent
to t�1 2

t�1(At

), then ⇢

t

(·, A
t

| t�1) = ⇢

t

(·, A
t

| t�1).

Axiom 12 (Linear History Independence⇤). If t�1 ✓
t�1(At

) is linearly equivalent to t�1 2
t�1(At

), then ⇢

t

(·;A
t

| t�1) = ⇢

t

(·;A
t

| t�1).

As before, ⇢
t

(·;A
t

| t�1) is shorthand for

⇢

t

(·;A
t

| t�1) :=

P
t�12 t�1 ⇢( t�1)⇢

t

(·, A
t

| t�1)
P

t�12 t�1 ⇢( t�1)
,

where for any t�1 = (Â0, p̂0, ẑ0, . . . , Ât�1, p̂t�1, ẑt�1), ⇢( t�1) :=
Q

t�1
k=0 ⇢k(p̂k, Âk

| k�1).55

Define the set of degenerate period-t histories by D
t�1 := { t 2

t

: t =
({q

k

}, q
k

, z

k

)t�1
k=0 where q

k

2 �(X
k

) 8k  t� 1}.
Definition 15. For any t � 1, A

t

2 A
t

, zt�1, and t�1 2 z

t�1

t�1 , define

⇢

t�1

t

(·;A
t

) := ⇢

t

(·;A
t

|� t�1 + (1� �) t�1). (29)

for some � 2 (0, 1] and t�1 2 Dz

t�1

t�1 such that � t�1 + (1� �) t�1 2 z

t�1

t�1 (At

).56

As before, it follows from Axiom 12 that the RHS of (29) does not depend on the
specific choice of � and t�1. Moreover, ⇢

t�1

t

(·;A
t

) coincides with ⇢

t

(·;A
t

| t�1) whenever
t�1 2

t�1(At

). Thus, in the following we again do not distinguish between the extended and
nonextended version of ⇢

t

and use ⇢

t

(·;A
t

| t�1) to denote both.

Axiom 13 (Random Expected Utility*). For all t�1 2
t�1, conditions (i)–(v) of Axiom 3

hold after replacing all instances of ht�1 with t�1.

For any 0  t  T , we define the set A⇤
t

( t�1) of period-t menus without ties condi-
tional on history t�1 2

t�1 and the set ⇤
t

of period-t histories without ties as in the
main text, replacing each instance of h and H in Definition 4 with and . We extend
convergence in mixture to histories in

t

by requiring additionally that each history in the
sequence gives rise to the same sequence of consumptions: We write n

t

!m

t

for any
t = (A0, p0, z0, ..., At

, p

t

, z

t

), n

t

= (An

0 , p
n

0 , z0, ..., A
n

t

, p

n

t

, z

t

) 2
t

such that A

n

t

0 !m

A

t

0 and
p

n

t

0 !m

p

t

0 for each t

0.

Axiom 14 (History Continuity⇤). For all 0  t  T � 1, A
t+1, pt+1, and t 2

t

,

⇢

t+1(pt+1;At+1| t) 2 co{lim
n

⇢

t+1(pt+1;At+1| t,n) : t,n !m t

,

t,n 2 ⇤
t

}.

Theorem 4. The following are equivalent:

(i). ⇢ satisfies Axioms 11–14.

(ii). ⇢ admits a CDREU representation.

55As for the weights ⇢(gt�1) in Section 3.1, here we again do not keep track of the probabilities p̂k(ẑk, Âk+1),
as these do not reveal any private information to the analyst.

56As before, we define � t�1 + (1 � �) t�1 := (�Ak + (1� �){qk},�pk + (1� �)qk, zk)
t�1
k=0, where

t�1 =
(Ak, pk, zk)

t�1
k=0 and t�1 = ({qk}, qk, zk)t�1

k=0.
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F.3.2 Consumption-Dependent Evolving Utility

Consumption-dependent evolving utility does not in general satisfy Separability, as current
consumption a↵ects the expected utility over continuation menus through its e↵ect on the
transition distributions µst,zt

t+1 . Instead, it is fully characterized by analogs of Axioms 6 and 7.
To state these, we make use of the same history dependent dominance relation as in Definition 5,
except that histories now live in the enriched space

t

:

Definition 16. For each t  T and t = ( t�1
, A

t

, p

t

, z

t

) 2
t

, define relation % t , ⇠ t , and
� t on �(X

t

) as follows. For any q

t

, r

t

2 �(X
t

)

(i). q

t

% t
r

t

if there exist q

n

t

!m

q

t

and r

n

t

!m

r

t

such that ⇢

t

(12pt +
1
2r

n

t

; 12At

+
1
2{qnt , rnt }| t�1) = 0 for all n;

(ii). q

t

⇠ t
r

t

if q
t

% t
r

t

and r

t

% t
q

t

;

(iii). q

t

� t
r

t

if q
t

% t
r

t

and r

t

6% t
q

t

.

As before, q
t

% t
r

t

reveals that at all states s

t

consistent with t the agent prefers q

t

to
r

t

. Note that since the final realized consumption z

t

does not reveal any additional information
about s

t

, % t depends only on ( t�1
, A

t

, p

t

) and not on z

t

.
We have the following analogs of Axioms 6 and 7:

Axiom 15 (DLR Menu Preference*). For all t  T � 1 and t, conditions (i)–(iv) of Axiom 6
hold after replacing all instances of ht with t.

Axiom 16 (Sophistication*). For all t  T �1, t = ( t�1
, A

t

, p

t

, z

t

) 2
t

, and A

t+1 ✓ A

0
t+1 2

A⇤
t

( t), the following are equivalent:

(i). ⇢

t+1(pt+1;A0
t+1| t) > 0 for some p

t+1 2 A

0
t+1 r A

t+1

(ii). (z
t

, A

0
t+1) � t (z

t

, A

t+1).

A slight departure from Axiom 7 is that because both the agent’s preference over period
t+1 menus and her period t+1 choices may be influenced by her period t consumption, point
(ii) of Axiom 16 only imposes a preference for A0

t+1 over A
t+1 when the corresponding period t

consumption is the consumption z

t

that arises under t.

Theorem 5. Suppose that ⇢ admits a CDREU representation. The following are equivalent:

(i). ⇢ satisfies Axioms 15–16.

(ii). ⇢ admits a Consumption-Dependent Evolving Utility representation.
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F.3.3 Active Learning

As with gradual learning, active learning is characterized by additional restrictions on the
agent’s preference over streams of consumption lotteries. In contrast with consumption-
dependent evolving utility, active learning restores a weak form of Separability, requiring that
the agent’s payo↵ to today’s consumption be independent of tomorrow’s consumption lottery
stream. This captures the idea that since consumption lottery streams only entail degenerate
future choices, today’s consumption does not have any informational value in this case and
hence yields the same payo↵ regardless of the future stream:

Axiom 17 (Stream Separability). For all t, z, z0 2 Z, (`
k

)T
k=t+1, (mk

)T
k=t+1 2 �(Z),

1

2
(z, `

t+1, . . . , `T ) +
1

2
(z0,m

t+1, . . . ,mT

) ⇠ t
1

2
(z0, `

t+1, . . . , `T ) +
1

2
(z,m

t+1, . . . ,mT

).

Additionally, active learning entails analogs of Axioms ??–10 that we used to characterize
gradual learning:

Axiom 18 (Stationary Consumption Preference*). For all t  T � 1, `,m, n 2 �(Z), and t,
(`, n, . . . , n) � t (m,n, . . . , n) if and only if (n, `, n, . . . , n) � t (n,m, n, . . . , n).

We say that `,m 2 �(Z) are t-nonindi↵erent if (`, n, . . . , n) 6⇠ t (m,n, . . . , n) for some
n 2 �(Z).

Axiom 19 (Constant Intertemporal Tradeo↵*). If `,m are t-nonindi↵erent and ˆ̀
, m̂ are t̂-

nonindi↵erent, then for all ↵ 2 [0, 1] and n 2 �Z:

(↵`+ (1� ↵)m,↵`+ (1� ↵)m,n, . . . , n) ⇠ t (`,m, n, . . . , n)

()
(↵ ˆ̀+ (1� ↵)m̂,↵

ˆ̀+ (1� ↵)m̂, n, . . . , n) ⇠ t̂ (ˆ̀, m̂, n, . . . , n).

Axiom 20 (Impatience*). For all t  T � 1, t, and `,m, n 2 �(Z), if (`, n, . . . , n) � t

(m,n . . . , n), then (`,m, n, . . . , n) � t (m, `, n . . . , n).

As before, Axioms 19 and 20 are vacuuous unless we impose Consumption Nondegeneracy:

Condition 3 (Consumption Nondegeneracy*). For all t  T � 1 and t, there exist t-
nonindi↵erent `,m 2 �(Z).

When Condition 3 is satisfied, Axioms 17–20 fully characterize the gap between
consumption-dependent evolving utility and the special case of active learning:

Theorem 6. Suppose ⇢ admits a consumption-dependent evolving utility representation and
satisfies Condition 3. The following are equivalent:

(i). ⇢ satisfies Axioms 17–20.

(ii). ⇢ admits an active learning representation.
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F.4 Proof Sketches for Theorems 4–6

F.4.1 Theorem 4

We first extend the terminology from Section A.3 to the enriched setting. Suppose that
(S

t

0
, {µst0�1,zt0�1

t

0 }(st0�1,zt0�1)2St0�1⇥Z

, {U
st0 , ⌧st0}st02St0 ) satisfy CDREU1 and CDREU2 from Defi-

nition 14 for each t

0  t.
Fix any state s

⇤
t

2 S

t

and consumption z

⇤
t

2 Z. We let pred(s⇤
t

) denote the unique
predecessor sequence (s⇤0, z

⇤
0 , . . . , s

⇤
t�1, z

⇤
t�1) 2 S0 ⇥ Z ⇥ . . . ⇥ S

t�1 ⇥ Z, given by assump-

tions CDREU1 (b) and (c), such that s

⇤
k+1 2 supp(µ

s

⇤
k,z

⇤
k

k+1 ) for each k = 0, ..., t � 1. Given
any history t = (A0, p0, z0, . . . , At

, p

t

, z

t

), we say that (s⇤
t

, z

⇤
t

) is consistent with t ifQ
t

k=0 ⌧s
⇤
k
(p

k

, A

k

) > 0 and z

k

= z

⇤
k

for all k = 0, . . . , t. A separating history for (s⇤
t

, z

⇤
t

) is a
history t = (B0, q0, z0, . . . , Bt

, q

t

, z

t

) 2 ⇤
t

such that U
s

⇤
k�1,z

⇤
k�1

(B
k

, q

k

) = {U
s

⇤
k
} and z

k

= z

⇤
k

for

all k = 0, . . . , t, where U
s

⇤
k�1,z

⇤
k�1

(B
k

, q

k

) := {U
sk

: s
k

2 suppµ
s

⇤
k�1,z

⇤
k�1

k

and q

k

2 M(B
k

, U

sk
)}.57

Analogs of Lemmas 1 and 1 are readily established; in particular, any (s⇤
t

, z

⇤
t

) 2 S

t

⇥ Z

admits a separating history.

Su�ciency:
The su�ciency direction of the proof proceeds as in Section ??. Specifically, assuming that for
some t  T � 1 we have constructed (S

t

0
, {µst0�1,zt0�1

t

0 }(st0�1,zt0�1)2St0�1⇥Z

, {U
st0 , ⌧st0}st02St0 )

satisfying CDREU1 and CDREU2 for each t

0  t, we construct
(S

t+1, {µst,zt
t+1 }(st,zt)2St⇥Z

, {U
st+1 , ⌧st+1}st+12St+1) satisfying CDREU1 and CDREU2 as fol-

lows:
For any (s

t

, z

t

) 2 S

t

⇥ Z, we define ⇢

st,zt
t+1 (·, At+1) := ⇢

t+1(·, At+1| t(s
t

, z

t

)), where t(s
t

, z

t

)
is an arbitrary separating history for (s

t

, z

t

). Using Axiom 13 and Theorem 0, we then find
(S

t+1, {µst,zt
t+1 }(st,zt)2St⇥Z

, {U
st+1 , ⌧st+1}st+12St+1) such that CDREU1 holds and

⇢

st,zt
t+1 (pt+1, At+1) =

X

st+12St+1

µ

st,zt
t+1 (st+1)⌧st+1(pt+1, At+1). (30)

Analogous arguments as in Section ?? yield analogs of Lemma 3, showing that for any history
t that can only arise at (s

t

, z

t

), we have ⇢

st,zt
t+1 = ⇢

t+1(·| t); and of Lemma 4, showing that for
any t = (A0, p0, z0, . . . , At

, p

t

, z

t

) 2
t

(A
t+1), we have

⇢

t+1(pt+1, At+1| t) =

P
(s0,...,st)2S0⇥···⇥St

Q
t

k=0 µ
sk�1,zk�1

k

(s
k

)⌧
sk
(A

k

, p

k

)⇢st,zk
t+1 (p

t+1, At+1)
P

(s0,...,st)2S0⇥···⇥St

Q
t

k=0 µ
sk�1,zk�1

k

(s
k

)⌧
sk
(A

k

, p

k

)
. (31)

Combining (31) and (30) shows that (S
t+1, {µst,zt

t+1 }(st,zt)2St⇥Z

, {U
st+1 , ⌧st+1}st+12St+1) also satisfies

CDREU2.

Necessity:
Necessity of Axioms 11–14 is established using analogous arguments to Section ??.

57As usual, Us⇤�1,z
⇤
�1
(B0, q0) denotes U0(B0, q0) := {Us0 : s0 2 S0 and q0 2 M(B0, Us0)}.
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F.4.2 Theorem 5

We first record the following analog of Lemma 5, which admits an analogous proof. Given
t = ( t�1

, A

t

, p

t

, z

t

), we say that s

t

is consistent with t if (s
t

, z

t

) is consistent with t, and
we call t a separating history for s

t

if it is a separating history for (s
t

, z

t

).

Lemma 18. Suppose that ⇢ admits CDREU representation. Consider any t  T , t =
(A0, p0, z0, . . . , At

, p

t

, z

t

) 2
t

, and q

t

, r

t

2 �(X
t

).

(i). If q
t

% t
r

t

, then U

st(qt) � U

st(rt) for all st consistent with
t.

(ii). Suppose there exist g, b 2 �(X
t

) such that U
st(g) > U

st(b) for all st consistent with
t.

If U
st(qt) � U

st(rt) for all st consistent with
t, then q

t

% t
r

t

.

(iii). If t is a separating history for s
t

, then q

t

% t
r

t

if and only if U
st(qt) � U

st(rt).

Su�ciency:
We proceed by an analogous inductive argument as in Section ??. Assume that for some t 
T�1, we have obtained (S

t

0
, {µst0�1,zt0�1

t

0 }(st0�1,zt0�1)2St0�1⇥Z

, {U
st0 , ⌧st0}st02St0 ) such that CDREU1

and CDREU2 hold for each t

0  t and CEVU holds for each t

0  t� 1.
For any (s

t

, z

t

) 2 S

t

⇥Z, define u
st 2 RZ and V

st,zt : At+1 ! R by u

st ⌘ 0 and V

st,zt(At+1) :=
U

st(zt, At+1). Applying Axiom 15 yields the following analog of Lemma 6, with an analogous
proof. Note that because we do not impose Separability, V

st,zt depends on z

t

.

Lemma 19. For all (s
t

, z

t

), V
st,zt is continuous, monotone, and linear. Moreover, there exist

C

0
t+1, Ct+1 2 A

t+1 such that V
st,zt(Ct+1) > V

st,zt(C
0
t+1) for all (st, zt).

Applying the “moreover” part of Lemma 19 also yields the obvious analog of Corollary C.1.
Since ⇢ admits a CDREU representation, we can obtain

(S
t+1, {µst,zt

t+1 }(st,zt)2St⇥Z

, {Ũ
st+1 , ⌧st+1}st+12St+1) satisfying CDREU1 and CDREU2 at t + 1. For

all (s
t

, z

t

) 2 S

t

⇥ Z, define ⇢

st,zt
t+1 by ⇢

st,zt
t+1 (pt+1, At+1) :=

P
st+1

µ

st,zt
t+1 ⌧st+1(pt+1, At+1).

Let %
st,zt denote the preference over A

t+1 induced by V

st,zt . Using Axiom 16, an analogous
argument as for Lemma 7 shows that for all s

t

, z

t

, the pair (%
st,zt , ⇢

st,zt
t+1 ) satisfies AS’s Axioms 1

and 2, and an analogous argument as for Lemma 8 establishes that %
st,zt satisfies AS’s Axiom

DLR 6. Given this, we proceed as in Section C.2.5 (replacing each instance of s

t

with an
instance of (s

t

, z

t

)) to obtain ↵

st+1 > 0 and �

st+1 2 R such that U

st+1 := ↵

st+1Ũst+1 + �

st+1

satisfies
V

st,zt(At+1) =
X

st+1

µ

st,zt
t+1 (st+1) max

pt+12At+1

U

st+1(pt+1).

Thus, replacing Ũ

st+1 with U

st+1 , we have that (S
t+1, {µst,zt

t+1 }(st,zt)2St⇥Z

, {U
st+1 , ⌧st+1}st+12St+1)

satisfies not only CDREU1 and CDREU2, but also CEVU, as required.

Necessity:
As in Section C.3, we first show that for all t  T � 1, there exist g

t

, b

t

2 �(X
t

) such
that U

st(gt) > U

st(bt) for all s

t

2 S

t

, for which it is su�cient to find C

0
t+1, Ct+1 2 A

t+1

such that V

st,zt(C
0
t+1) > V

st,zt(Ct+1) for all (s
t

, z

t

) 2 S

t

⇥ Z. As before, we let C

0
t+1 :=

{g
t+1(st+1), bt+1(st+1) : s

t+1 2 S

t+1} where g

t+1(st+1), bt+1(st+1) 2 �(X
t+1) are such that
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U

st+1(gt+1(st+1)) > U

st+1(bt+1(st+1)). For each s

t

, z

t

, we set A

t+1(st, zt) := {b
t+1(st+1)} for

some s

t+1 2 suppµst,zt
t+1 . Then V

st,zt(C
0
t+1) � V

st,zt(At+1(s0
t

, z

0
t

)) for all s
t

, z

t

, s

0
t

, z

0
t

, with strict
inequality for (s

t

, z

t

) = (s0
t

, z

0
t

). Hence, letting C

t+1 :=
P

(st,zt)2St⇥Z

1
|St⇥Z|At+1(st, zt), we have

V

st,zt(C
0
t+1) > V

st,zt(Ct+1) for all st, zt.
Given this, we can proceed as in Section C.3, using part (ii) of Lemma 18 to derive Axiom 15

(i), (ii), (iv) and Axiom 16. Part (iii) of Axiom 15 is also established in an analogous manner
to Section C.3.

F.4.3 Theorem 6

We first show that when ⇢ admits a consumption dependent evolving utility (CEVU) represen-
tation, Axiom 17 is equivalent to the following form of separability over consumption lottery
streams:

Lemma 20. Suppose ⇢ admits a CEVU representation with utilities U

st . Then ⇢ satisfies
Axiom 17 if and only if for all t  T � 1, s

t

, z, z0 and (`
k

)T
k=t+1, (mk

)T
k=t+1 2 �(Z), we have

U

st(z, `t+1, . . . , `T )� U

st(z
0
, `

t+1, . . . , `T ) = U

st(z,mt+1, . . . ,mT

)� U

st(z
0
,m

t+1, . . . ,mT

). (32)

Proof. Fix any t  T � 1. By the necessity direction of the proof of Theorem 5, there exist
g

t

, b

t

2 �(X
t

) such that U
st(gt) > U

st(bt) for all st 2 S

t

. Then Lemma 18 (i)–(ii) implies that
for all t and q

t

, r
t

, we have q

t

⇠ t
r

t

if and only if U
st(qt) = U

st(rt) for all st consistent with
t.
Then Axiom 17 holds if and only if for all t  T � 1, s

t

, z, z0 and (`
k

)T
k=t+1, (mk

)T
k=t+1 2

�(Z), we have 1
2Ust(z, `t+1, . . . , `T ) + 1

2Ust(z,mt+1, . . . ,mT

) = 1
2Ust(z

0
, `

t+1, . . . , `T ) +
1
2Ust(z

0
,m

t+1, . . . ,mT

), which in turn is equivalent to (32). ⌅

Su�ciency:
Suppose that ⇢ admits a CEVU representation (S

t

, {µst�1,zt�1
t

}
st�12St�1,zt�12Z , {Ust , ust , ⌧st}st2St)0tT

and satisfies Condition 3 and Axioms 17–20. Steps 1 and 2 below first perform two nor-
malizations. Step 3 then proceeds in an analogous manner to the su�ciency direction of
Theorem 3.

Step 1: We first show that replacing each U

st and u

st with a suitable Û
st and û

st continues
to yield a CEVU representation of ⇢ which additionally satisfies

Û

st(`t, . . . , `T ) = û

st(`t) + Ŵ

st(`t+1, . . . , `T ) (33)

for all s
t

and (`
k

)T
k=t

2 �(Z), where Ŵ

st(`t+1, . . . , `T ) :=
P

st+1
µ

st,zt
t+1 (st+1)Ûst+1(`t+1, . . . , `T )

does not depend on z

t

.
To see this, fix any z

⇤
0 , . . . , z

⇤
T

2 Z. For all s0, define Û

s0 := U

s0 and û

s0(z0) :=
Û

s0(z0, z
⇤
1 , . . . , z

⇤
T

)�Û

s0(z
⇤
0 , z

⇤
1 , . . . , z

⇤
T

) for all z0. For all s1, define Ûs1 := U

s1+(u
s0(z0)�û

s0(z0))
and ū

s1 := u

s1 + (u
s0(z0)� û

s0(z0)), where (s0, z0) are the unique state-outcome pair such that
s1 2 suppµs0,z0

1 . Note that replacing each U

s0 with Û

s0 , us0 with û

s0 , Us1 with Û

s1 , and u

s1

with ū

s1 , and keeping all utilities in periods t � 2 the same continues to yield a CEVU rep-
resentation of ⇢: Indeed, U

si and Û

si represent the same preference over �(X
i

) so CDREU1
and CDREU2 remain satisfied. Moreover, CEVU holds at s1 because Ûs1 and ū

s1 are obtained
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from U

s1 and u

s1 by adding the same constant, and CEVU holds at s0 because Û

s0 = U

s0 and
Û

s1 = U

s1 + (u
s0(z0)� û

s0(z0)) for all s1 2 suppµs0,z0
1 implies

Û

s0(z0, A1) = u

s0(z0) +
X

s1

µ

s0,z0
1 (s1) max

p12A1

U

s1(p1) = û

s0(z0) +
X

s1

µ

s0,z0
1 (s1) max

p12A1

Û

s1(p1).

Then, for all z0 and (`
k

)T
k=1 2 �(Z), we have

P
s1
µ

s0,z0
1 Û

s1(`1, . . . , `T ) = Û

s0(z0, `1, . . . , `T ) �
û

s0(z0) = Û

s0(z
⇤
0 , `1, . . . , `T ), where the last equality follows from the fact that û

s0(z0) :=
Û

s0(z0, z
⇤
1 , . . . , z

⇤
T

) � Û

s0(z
⇤
0 , z

⇤
1 , . . . , z

⇤
T

) = Û

s0(z0, `1, . . . , `T ) � Û

s0(z
⇤
0 , `1, . . . , `T ) by Lemma 20.

Thus, for all (`
k

)T
k=0 2 �(Z), we have Û

s0(`0, `1, . . . , `T ) = û

s0(`0) + Ŵ

s0(`t+1, . . . , `T ), where
Ŵ

s0(`t+1, . . . , `T ) :=
P

st+1
µ

st,z0
t+1 (s

t+1)Ûst+1(`t+1, . . . , `T ) does not depend on z0, whence (33)
holds at s0.

Next, suppose that for some t � 1, we have obtained a CEVU representation of ⇢ by replacing
each U

s0 , us0 , . . . , Ust , ust with Û

s0 , ûs0 , . . . , Ûst , ūst and keeping utilities in periods t + 1, . . . , T
the same, and suppose that (33) holds for all t0 < t. For all s

t

and z

t

, define û

st(zt) :=
Û

st(zt, z
⇤
t+1, . . . , z

⇤
T

)� Û

st(z
⇤
t

, z

⇤
t+1, . . . , z

⇤
T

). For all s
t+1, define Ûst+1 := U

st+1 +(ū
st(zt)� û

st(zt))
and ū

st+1 := u

st+1 + (ū
st(zt) � û

st(zt)), where (s
t

, z

t

) are the unique state-outcome pair such
that s

t+1 2 suppµst,zt
t+1 . Then the same argument as in the previous paragraph shows that after

replacing ū

st with û

st and U

st+1 and u

st+1 with Û

st+1 and û

st+1 , we continue to have a CEVU
representation of ⇢ which now additionally satisfies (33) in period t. Proceeding inductively,
we obtain the desired representation.

Step 2: Next, we show that replacing each Û

st and û

st with a suitable Ũ
st and ũ

st continues
to yield a CEVU representation of ⇢ which again satisfies (33) and such that additionally

X

z2Z

ũ

st(z) = 0 (34)

holds for all s
t

. Indeed, let ũ
st(zt) := û

st(zt)� �

st for all st and z

t

, where �
st :=

1
|Z|
P

z2Z û

st(z).

Then (34) is immediate. Inductively define Ũ

st by Ũ

sT := ũ

sT and Ũ

st(zt, At+1) := ũ

st(zt) +P
st+1

µ

st,zt
t+1 max

pt+12At+1 Ũst+1(pt+1) for all st. To show that Ũ
st and ũ

st are as required, it su�ces
to prove that for all t  T � 1 and s

t

,

Ũ

st = Û

st � (�
st + �

st), (35)

where �

st := |Z|t�T

P
(zt+1,...,zT )2ZT�t Ŵ

st(zt+1, . . . , zT ). Indeed, (35) implies that Ũ

st and

Û

st represent the same preference over �(X
t

), so that replacing each Û

st and û

st with
Ũ

st and ũ

st continues to yield a CEVU representation of ⇢. Moreover, (35) implies thatP
st+1

µ

st,zt
t+1 (st+1)Ũst+1(`t+1, . . . , `T ) = Ŵ

st(`t+1, . . . , `T ) � �

st is independent of z

t

for all s

t

,
so that (33) continues to hold as well.

To show (35), note first that for each s

T�1 we have

Ũ

sT�1(zT�1, AT

) = û

sT�1(zT�1)� �

sT�1 +
X

sT

µ

sT�1,zT�1

T

(s
T

)( max
pT2AT

û

sT (pT )� �

sT ) =

Û

sT�1(zT�1, AT

)� �

sT�1 � |Z|�1
X

z2Z

X

sT

µ

sT�1,zT�1

T

(s
T

)û
sT (z) = Û

sT�1(zT�1, AT

)� ��
sT�1 + �

sT�1

�
,
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where the final equality holds because µ

sT�1,zT�1

T

(s
T

)û
sT (z) = Ŵ

sT�1(z) by (33). Next, assume
that (35) holds for all t0 > t. By (33), we have for all s

t+1 that

X

(zt+1,...,zT )2ZT�t

Û

st+1(zt+1, . . . , zT )

= |Z|T�(t+1)
X

zt+1

û

st+1(zt) + |Z|
X

(zt+2,...,zT )

Ŵ

st+1(zt+2, . . . , zT ) = |Z|T�t

�
�

st+1 + �

st+1

�
.

(36)

Thus,

Ũ

st(zt, At+1) = Û

st(zt, At+1)� �

st �
X

st+1

µ

st,zt
t+1 (st+1)

�
�

st+1 + �

st+1

�

= Û

st(zt, At+1)� �

st � |Z|t�T

X

st+1

µ

st,zt
t+1 (st+1)

X

(zt+1,...,zT )2ZT�t

Û

st+1(zt+1, . . . , zT ) =

Û

st(zt, At+1)� (�
st + �

st),

where the first equality holds by (35) applied to Ũ

st+1 , the second equality follows from (36),

and the final equality holds because µ

st,zt
t+1 (st+1)Ûst+1(zt+1, . . . , zT ) = Ŵ

st(zt+1, . . . , zT ) by (33).
Thus, (35) holds at t as well.

Step 3: Finally, we argue as in Section D.1 that the CEVU representation with utilities
Ũ

st and ũ

st is an active learning representation, i.e., that there exists � 2 (0, 1) such that for
all s

t

and z

t

we have

ũ

st =
1

�

X

st+1

µ

st,zt
t+1 ũst+1 . (37)

To see this, note first that by (33) and Condition 3, ũ
st is nonconstant for each s

t

. Moreover,
for any s

T�1 2 S

T�1 and `

T�1, `T 2 �(Z), we have

Ũ

sT�1(`T�1, `T ) = ũ

sT�1(`T�1) + E[ũ
T

(`
T

)|s
T�1],

where E[ũ
T

(`
T

)|s
T�1] :=

P
sT

µ

sT�1,zT�1

T

ũ

sT (`T ) does not depend on z

T�1 by (33). Arguing
exactly as in Lemma 10, we can invoke Axiom 18 to show that E[ũ

T

|s
T�1] and ũ

sT�1 represent
the same preference over �(Z). By (34) and because ũ

sT�1 is nonconstant, this implies that
there exists �

sT�1 > 0 for each s

T�1 such that E[ũ
T

|s
T�1] = �

sT�1ũsT�1 . Invoking Axiom 19 and
arguing as in Lemma 11, we can show that �

sT�1 = �

s

0
T�1

=: � for all s
T�1, s

0
T�1, where � < 1

by Axiom 20.
Next, assuming that we have established (37) for all t0 � t, (33) implies that

Ũ

st�1(`t�1, . . . , `T ) = ũ

st�1(`t�1) +
T�tX

k=0

�

kE[ũ
t

(`
t+k

)|s
t�1],

where E[ũ
t

|s
t�1] :=

P
st
µ

st�1,zt�1
t

ũ

st does not depend on z

t�1 by (33). Again invoking (34),
Axioms 18–20, and similar arguments as in Lemmas 10–11, we can then show that (37) also
holds at t� 1.
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Necessity:
Suppose ⇢ admits an active learning representation. Then for each t  T � 1, s

t

, and (`
k

)T
k=t

2
�(Z), we have U

st(`t, . . . , `T ) =
P

T�t

k=0 �
k

u

st(`t+k

). Then (32) holds, which by Lemma 20 implies
Axiom 17. Moreover, Axioms 18–20 are verified in an analogous manner to the necessity
direction of Theorem 3.

G REU on an Infinite Outcome Space

G.1 Domain and Primitive

For any set Z we denote by �(Z) the set of all simple lotteries on Z and by K(Z) the set of
all nonempty finite subsets of Z. We are given a separable metric space (X, d) of outcomes.
The space �(X) is endowed with the topology of weak convergence induced by d, which is
metrized by the Prokhorov metric ⇡. We denote by A := K(�(X)) the space of menus, which
is endowed with the Hausdor↵ topology induced by ⇡. Finally, �(�(X)) is endowed with the
topology of weak convergence induced by ⇡. Convergence in these topologies is denoted by !.

We use an additional convergence notion, called convergence in mixture, on �(X) and A:
For any p 2 �(X) and sequence {pn}

n2N ✓ �(X), we write p

n !m

p if there exists q 2 �(X)
and a sequence {↵

n

}
n2N with ↵

n

! 0 such that pn = ↵

n

q + (1 � ↵

n

)p for all n. Similarly, for
any p 2 �(X) and sequence {Bn}

n2N ✓ A, we write B

n !m

p if there exists B 2 A and a
sequence {↵

n

}
n2N with ↵

n

! 0 such that Bn = ↵

n

B + (1 � ↵

n

){p} for all n. Finally, for any
A 2 A and sequence (An)

n2N ✓ A, we write A

n !m

A if for each p 2 A, there is a sequence
{Bn

p

}
n2N ✓ A such that Bn

p

!m

p and A

n = [
p2AB

n

p

for all n.
Our primitive is a stochastic choice rule, i.e., a map ⇢ : A ! �(�(X)) such thatP

p2A ⇢(p;A) = 1 for each A 2 A. For any Y ✓ X, let A(Y ) := {A 2 A : 8p 2 A, supp(p) ✓
Y } ✓ A denote the space of all menus consisting only of lotteries with support in Y . Note that
for each A 2 A, there is a finite Y such that A 2 A(Y ). We denote by ⇢

Y the restriction of ⇢
to A(Y ), which can be seen as a map from A(Y ) to �(�(Y )).

G.2 REU form representation

Consider the space of vNM utilities RX over X, endowed with the product topology of the
Euclidean topologies. For any u 2 RX and p 2 �(X), the expected value of p under u is
u(p) :=

P
x2supp(p) u(x)p(x), which we sometimes denote by u · p. For any u, u

0 2 RX , we write
u ⇡ u

0 if u and u

0 represent the same preference on �(X). Throughout, we fix some y

⇤ 2 X

and let R̃X = {0}⇥RXr{y⇤} denote the set of utility functions u in RX that are normalized by
u(y⇤) = 0. Likewise, for any Y ✓ X such that y⇤ 2 Y , we write R̃Y := {0}⇥ RY r{y⇤}.

For any A 2 A(Y ) and u 2 R̃Y , let M(A, u) := argmax
p2A u(p). For any A 2 A(Y ) and

p 2 �(X), let N

Y

(A, p) := {u 2 R̃Y : p 2 M(A, u)} and let N

+
Y

(A, p) := {u 2 R̃Y : {p} =
M(A, u)}. Note that N

Y

({p}, p) = N

+
Y

({p}, p) = R̃Y and that N

Y

(A, p) = N

+
Y

(A, p) = ? if
p /2 A. Let N (Y ) := {N

Y

(A, p) : A 2 A(Y ) and p 2 �(X)}, N+(Y ) := {N+
Y

(A, p) : A 2
A(Y ) and p 2 �(X)}.

We will consider both the Borel �-algebra on R̃Y and its subalgebra F(Y ) that is generated
by N (Y ) [ N+(Y ). A finitely additive probability measure ⌫

Y on either of these algebras is
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called regular if ⌫Y (N
Y

(A, p)) = ⌫

Y (N+
Y

(A, p)) for any A 2 A(Y ) and p 2 �(X). Whenever
Y = X, we omit Y from the description of N

Y

(A, p), N+
Y

(A, p), N (Y ), N+(Y ), and F(Y ).

Definition 17. An REU form representation of ⇢ is a tuple (S, µ, {U
s

, ⌧

s

}
s2S) such that

(i). S is a finite state space and µ is a probability measure on S such that supp(µ) = S

(ii). for each s 2 S, the utility U

s

2 R̃X is nonconstant and U

s

6⇡ U

s

0 for s 6= s

0

(iii). for each s 2 S, the tie-breaking rule ⌧

s

is a regular finitely additive probability measure
on R̃X endowed with the Borel �-algebra

(iv). for all p 2 �(X) and A 2 A,

⇢(p;A) =
X

s2S

µ(s)⌧
s

(p, A),

where ⌧

s

(p, A) := ⌧

s

({u 2 R̃X : p 2 M(M(A,U
s

), u)}).

G.3 Characterization

Our representation theorem for REU form representations extends the characterizations for
finite outcome spaces X in Gul and Pesendorfer (2006) and Ahn and Sarver (2013) by allowing
X to be an arbitrary separable metric space. The first four conditions of our REU axiom are
restatements of the conditions introduced by Gul and Pesendorfer (2006). The fifth condition
is a slight modification of the finiteness condition in Ahn and Sarver (2013).

Axiom 21. (Random Expected Utility)

(i). Regularity: If A ✓ A

0, then for all p 2 A, ⇢(p;A) � ⇢(p;A0).

(ii). Linearity: For any A, p 2 A, � 2 (0, 1), and q, ⇢(p;A) = ⇢(�p+(1��)q;�A+(1��){q}).
(iii). Extremeness: For any A, ⇢(extA;A) = 1.

(iv). Mixture Continuity: ⇢(·;↵A+ (1� ↵)A0) is continuous in ↵ for all A,A0.

(v). Finiteness: There exists K > 0 such that for all A, there is B ✓ A with |B|  K such that
for every p 2 ArB, there are sequences pn !m

p and B

n !m

B with ⇢(pn; {pn}[Bn) = 0
for all n.

Note that because X may be infinite, continuity of each U

s

in the representation is not
directly implied by linearity. The following additional axiom yields continuity.

Let A⇤ denote the collection of menus without ties, i.e., the set of all A 2 A such that for
any p 2 A and any sequences pn !m

p and B

n !m

Ar {p}, we have

lim
n!1

⇢(pn;Bn [ {pn}) = ⇢(p;A).

Axiom 22 (Continuity). ⇢ : A⇤ ! �(�(X)) is continuous.
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Theorem 7. The stochastic choice rule ⇢ on X admits an REU form representation
(S, µ, {U

s

, ⌧

s

}
s2S) if and only if ⇢ satisfies Axiom 0. Furthermore, each utility U

s

in the repre-
sentation is continuous if and only if ⇢ additionally satisfies Axiom 22.

G.4 Proof of Theorem 0: Su�ciency

G.4.1 Outline

The proof proceeds as follows:

(i). In section G.4.2, we use conditions (i)–(iv) of Axiom 0 and Theorem 2 in Gul and Pe-
sendorfer (2006) to construct, for each finite Y ✓ X, a regular finitely additive probability
measure ⌫

Y on F(Y ) representing ⇢

Y , in the sense that ⇢Y (p;A) = ⌫

Y (N
Y

(A, p)) for all
A, p. Given the fact that each ⇢

Y is derived from the same ⇢, it is easy to check that the
family {F(Y ), ⌫Y } is Kolmogorov consistent. We can then find a regular finitely additive
probability measure ⌫ on F extending all the ⌫

Y (and hence representing ⇢).

(ii). The support of ⌫ is defined by

supp(⌫) :=
⇣[

{V 2 F : V is open and ⌫(V ) = 0}
⌘
c

.

In section G.4.3, we use part (v) of Axiom 0 to show that supp ⌫ is finite (up to positive
a�ne transformation of utilities) and contains at least one non-constant utility function.
While Axiom 0 (v) is similar to the finiteness axiom in Ahn and Sarver (2013), this step
requires more work in our setting. A key technical challenge is that unlike in Ahn and
Sarver, it is not clear in our infinite outcome space setting how to normalize utilities to
ensure that N(A, p)-sets are compact. Compact sets C have the useful property (used
repeatedly by Ahn and Sarver) that if C\supp ⌫ = ?, then ⌫(C) = 0. Lemma 26 exploits
the geometry of N(A, p)-sets to show that this property continues to hold for N(A, p)-sets
in our setting, even though they are not compact.

(iii). In section G.4.4, we proceed in a similar way to the proof of Theorem S3 in Ahn and
Sarver (2013)(again using Lemma 26 to circumvent technical di�culties). Letting S :=
{s1, . . . , sL} denote the equivalence classes of nonconstant utilities in supp ⌫, we find
separating neighborhoods B

s

2 F of each s such that ⌫(B
s

) > 0. We then define µ(s) =
⌫(B

s

) and ⌧

s

(V ) = ⌫(V \B✏(s))
⌫(B✏(s))

and show that this yields an REU form representation of ⇢.

(iv). Finally, section G.4.5 shows that if ⇢ additionally satisfies Axiom 22, then each U

s

is
continuous.

G.4.2 Construction of ⌫

In this section, we construct a regular finitely additive probability measure ⌫ on F that repre-
sents ⇢, i.e., such that for all A 2 A and p 2 A, we have

⇢(p;A) = ⌫(N(A, p)) = ⌫(N+(A, p))).

13



First consider any finite Y ✓ X with y

⇤ 2 Y . By Axiom 0 (i)–(iv) (Regularity, Linearity,
Extremeness, and Mixture Continuity), Theorem 2 in Gul and Pesendorfer (2006) ensures that
there is a regular finitely additive probability measure ⌫

Y on FY such that

⇢

Y (p;A) = ⌫

Y (N
Y

(A, p)) = ⌫

Y (N+
Y

(A, p))

for all A 2 A(Y ) and p 2 A.

Claim 4. For any finite Y 0 ◆ Y 3 y

⇤, (⌫Y

0
,FY

0
) and (⌫Y

,FY ) are Kolmogorov consistent, i.e.,
for any E 2 FY , we have

⌫

Y

0
(E ⇥ RY

0rY ) = ⌫

Y (E). (38)

Proof. To see this, note first that the LHS of (38) is well-defined, since E ⇥ RY

0rY 2 FY

0
by

Lemma 25 (iv). Note next that by Lemma 25 (iii), E is of the form
S

n

i=1 NY

(A
i

, p

i

)\N

+
Y

(B
i

, q

i

)
for some finite n and A

i

, B

i

2 A(Y ). Let E 0 be obtained from E by replacing each N

Y

(A
i

, p

i

)
with N

+
Y

(A
i

, p

i

). By Lemma 25 (ii), E

0 =
S

n

i=1 N
+
Y

(C
i

, r

i

) for some family {C
i

} ✓ A(Y ).
Moreover, since both ⌫

Y and ⌫

Y

0
are regular, we have that ⌫

Y (E) = ⌫

Y (E 0) and ⌫

Y

0
(E ⇥

RY

0rY ) = ⌫

Y

0
(E 0 ⇥ RY

0rY ). Hence, it su�ces to prove that ⌫

Y

0
(E 0 ⇥ RY

0rY ) = ⌫

Y (E 0). For
this, it is enough to show that for any collection of sets N+

1 , . . . , N
+
n

2 N+(Y ) := {N+(A, p) :
A 2 A(Y )}, we have ⌫

Y (
S

n

i=1 N
+
i

) = ⌫

Y

0
(
S

n

i=1 N
+
i

⇥ RY

0rY ). We prove this by induction. For
the base case, note that for any N

+(A, p) 2 N+(Y ), we have

⌫

Y

0
(N+(A, p))⇥ RY

0rY ) = ⇢

Y

0
(p, A) := ⇢(p;A) =: ⇢Y (p;A) = ⌫

Y (N+(A, p)).

Suppose next that the claim is true whenever m < n. Then

⌫

Y (
m+1[

i=1

N

+
i

) = ⌫

Y (
m[

i=1

N

+
i

) + ⌫

Y (N+
m+1)� ⌫

Y (
m[

i=1

(N+
i

\N

+
m+1)) =

⌫

Y

0
(
m[

i=1

N

+
i

⇥ RY

0rY ) + ⌫

Y

0
(N+

m+1 ⇥ RY

0rY )� ⌫

Y

0
(
m[

i=1

(N+
i

\N

+
m+1)⇥ RY

0rY ) =

⌫

Y

0
(
m+1[

i=1

N

+
i

⇥ RY

0rY ),

where the second equality follows from the inductive hypothesis and the fact that N+
i

\N

+
m+1 2

N+(Y ) by Lemma 25 (ii). ⌅
Now define ⌫ on F by setting ⌫(E) := ⌫

Y (projR̃Y E) for any finite Y 3 y

⇤ such that
E = projR̃Y E⇥RXrY and projR̃Y E 2 FY . By Lemma 25 (iv) such a Y exists. Moreover, given
Kolmogorov consistency of the family {⌫Y }

Y✓X

, this is well-defined. Finally, it is immediate
that ⌫ is a regular finitely additive probability measure and that ⌫ represents ⇢.

G.4.3 Finiteness of supp ⌫

The support of a finitely additive probability measure ⌫ is defined by

supp(⌫) :=
⇣[

{V 2 F : V is open and ⌫(V ) = 0}
⌘
c

.
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The next lemma invokes Axiom 0 (v) (Finiteness) to show that the support of ⌫ constructed in
the previous section contains finitely many equivalence classes of utility functions and contains
at least one nonconstant function. We use 0 to denote the unique constant utility function in
R̃X .

Lemma 21. Let K be as in the statement of the Finiteness Axiom and let Pref(�(X)) denote
the set of all preferences over �(X). Then

#{%2 Pref(�(X)) :% is represented by some u 2 supp(⌫)r {0}} = L,

where 1  L  K.

Proof. We first show that L  K. If not, then we can find utilities {u1, ..., uK+1} ✓ supp(⌫)
such that each u

i

is non-constant over X and u

i

6⇡ u

j

for all i 6= j. By Lemma 13, we can find
a menu A = {pi : i = 1, . . . , K + 1} 2 A such that u

i

2 N

+(A, pi) for each i. Take any B ✓ A

with |B|  K. Then p

i 62 B for some i.
Fix any sequences p

i

n

!m

p

i and B

n

!m

B. By definition, this means that there exists
r 2 �(X) and ↵

n

! 0 such that pi
n

= ↵

n

r + (1� ↵)pi for all n, and that for each q 2 B there
exists B

q

2 A and �

n

(q) ! 0 such that B
n

=
S

q2B(�n

(q)B
q

+ (1� �

n

(q)){q}) for all n. Now,
B and each B

q

are finite, and u

i

is linear with u

i

· pi > u

i

· q for all q 2 B. Hence, there is
N such that for all n � N , u

i

· pi
n

> u · q
n

for all q
n

2 B

n

. Thus, u
i

2 N

+({pi
n

} [ B

n

, p

i

n

)
for all n � N . But since u

i

2 supp(⌫) and N

+({pi
n

} [ B

n

, p

i

n

) is an open set in F , the
definition of supp(⌫) then implies that ⌫(N+({pi

n

} [ B

n

, p

i

n

)) > 0 for all n � N . But then
⇢(pi

n

; {pi
n

} [ B

n

) = ⌫(N+({pi
n

} [ B

n

, p

i

n

)) > 0 for all n � N , contradicting Finiteness.
Next we show that L � 1. Indeed, if L = 0, then for any A 2 A with |A| � 2 and for

any p 2 A, we have (N(p, A) r {0}) \ supp ⌫ = ?. By Lemma 26 below, this implies that
⌫(N+(p, A)) = 0 for any p 2 A. But since ⌫ represents ⇢, ⇢(p;A) = ⌫(N+(p, A)) for any p 2 A,
so we have

P
p2A ⇢(p;A) = 0, which is a contradiction. ⌅

G.4.4 Constructing the REU representation

Let %1, . . . ,%L

denote all the preferences represented by some non-constant utility in supp(⌫),
where by Lemma 21 we know that L is finite and L � 1. For each i = 1, . . . , L, pick some
u

i

2 supp ⌫ representing %
i

. For any u 2 R̃X , let [u] := {u0 2 R̃X : u0 ⇡ u}. By Lemma
13, we can find A := {p1, . . . , pL} 2 A such that u

i

2 N

+(A, p
i

) for all i = 1, . . . , L. Let
B

ui := N

+(A, p
i

) for all i. By construction, [u
i

] ✓ B

ui and B

ui \B

uj = ? for j 6= i. Moreover,
by the definition of supp(⌫), we have ⌫(B

ui) > 0 for each i, since B

ui 2 F is open and
u

i

2 B

ui \ supp(⌫) 6= ?.
Let S := {u1, . . . , uL

} and define the function µ : S ! [0, 1] by

µ(s) = ⌫(B
s

) for each s 2 S.

We claim that µ defines a full-support probability measure on S. For this it remains to show
that

P
s

µ(s) = 1. Since
P

s

µ(s) =
P

s

⌫(B
s

) = ⌫(
S

s2S Bs

), it su�ces to prove the following
claim:

Lemma 22. ⌫(
S

s2S Bs

) = 1.
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Proof. It su�ces to prove that ⌫(R̃X r
S

s2S Bs

) = 0. Note that R̃X =
S

L

i=1 N(A, p
i

), since
A = {p

i

, . . . , p

L

}. Thus,

R̃X r
[

s2S

B

s

✓
L[

i=1

(N(A, p
i

)rN

+(A, p
i

)).

By finite additivity of ⌫, this implies that

⌫(R̃X r
[

s2S

B

s

) 
LX

i=1

⌫(N(A, p
i

)rN

+(A, p
i

)) = 0,

where the last inequality follows from regularity of ⌫. ⌅

Next, we define a set function ⌧

s

: F ! R+ for each s 2 S by setting

⌧

s

(V ) :=
⌫(V \ B

s

)

⌫(B
s

)

for each V 2 F . Since ⌫(B
s

) > 0 for all s 2 S, this is well-defined. Moreover, since ⌫ is a
regular finitely additive probability measure on F , so is ⌧

s

.
Note that for all A 2 A and p 2 �(X), {u 2 R̃X : p 2 M(M(A, s), u)} = N(M(A, s), p) 2

F , so ⌧

s

({u 2 R̃X : p 2 M(M(A, s), u)}) is well-defined. The next lemma will allow us to
complete the representation:

Lemma 23. For each s 2 S, A 2 A, and p 2 A,

⌫(N(A, p)) =
X

s2S

µ(s)⌧
s

({u 2 R̃X : p 2 M(M(A, s), u)}).

Proof. Note first that for each s 2 S, supp ⌧
s

r {0} = [s]. To see that [s] ✓ supp ⌧
s

r {0},
consider any u 2 [s] and any open V 2 F such that u 2 V . By Lemma 25 (iii), V is a finite
union of finite intersections of sets in N [N+. Hence, since each element of N [N+ is closed
under positive a�ne transformations so is V . Thus, u 2 V implies s 2 V . But then V \B

s

2 F
is open and contains s, and hence ⌫(V \B

s

) > 0 since s 2 supp ⌫. This proves u 2 supp ⌧
s

r{0}.
To see that supp ⌧

s

r{0} ✓ [s], consider any u 6= 0 such that u /2 [s]. It su�ces to show that
there exists an open V 2 F such that u 2 V and ⌧

s

(V ) = 0. If u ⇡ s

0 for some s

0 2 S r {s},
then V = B

s

0 is as required since B
s

0 \B

s

= ? and u 2 B

s

0 . If there is no s

0 2 Sr{s} such that
u ⇡ s

0, then u /2 supp ⌫. But then there exists an open V 2 F such that u 2 V and ⌫(V ) = 0,
so also ⌧

s

(V ) = 0.
By Lemma 27 below, this implies that ⌧

s

(N(A, p)) = ⌧

s

(N(M(A, s), p)) for any A 2 A and

16



p 2 A. This implies that for any A 2 A and p 2 A

X

s2S

µ(s)⌧
s

({u 2 R̃X : p 2 M(M(A, s), u)}) =
X

s2S

µ(s)⌧
s

(N(M(A, s), p))

=
X

s2S

µ(s)⌧
s

(N(A, p))

=
X

s2S

⌫(N(A, p) \B

s

)

= ⌫(N(A, p) \
[

s2S

B

s

)

= ⌫(N(A, p),

where the last equality follows from Lemma 22. ⌅
For any s 2 S = {u1, . . . , uL

}, we write U
s

:= s. We claim that (S, µ, {U
s

, ⌧

s

}
s2S) is an REU

form representation of ⇢. Indeed, by construction, U
s

is non-constant for all s, U
s

6⇡ U

s

0 for
any distinct s, s0 2 S, and µ is a full-support probability measure on S. Moreover, each ⌧

s

is a
regular finitely additive probability measure on R̃X endowed with the algebra F . By standard
arguments (cf. Rao and Rao (2012)), we can extend ⌧

s

to a regular finitely additive probability
measure on the Borel �-algebra on R̃X . Finally, Lemma 23 and the fact that ⌫ represents ⇢

implies that for all A 2 A and p 2 A, we have ⇢(p;A) =
P

s2S µ(s)⌧s(p, A), as required.

G.4.5 Continuity

Finally, suppose that ⇢ additionally satisfies Axiom 22 (Continuity). We show that each U

s

is
continuous.

Lemma 24. Suppose ⇢ is represented by the REU form (S, µ, {U
s

, ⌧

s

}
s2S) and satisfies Ax-

iom 22 (Continuity). Then U

s

2 R̃X is continuous for all s.

Proof. Suppose for a contradiction that there exists some s0 2 S, x 2 X, and sequence x
n

! x

such that lim
n

U

s

0(x
n

) 6= U

s

0(x). Restricting to an appropriate subsequence of {x
n

} if necessary,
we can assume that lim

n

U

s

(x
n

) exists (allowing for ±1) for every s 2 S.
Let S+ := {s 2 S : lim

n

U

s

(x
n

) < U

s

(x)}, S� := {s 2 S : lim
n

U

s

(x
n

) > U

s

(x)}, and
S0 := S r (S+ [ S�) = {s 2 S : lim

n

U

s

(x
n

) = U

s

(x)}. Since S is finite, there exists � > 0 and
N such that for all n � N , U

s

(x
n

) < U

s

(x)� 2� for all s 2 S+ and U

s

(x
n

) > U

s

(x) + 2� for all
s 2 S�. Let p = ↵�

x

+ (1 � ↵)�
xN , where we can choose ↵ 2 (0, 1) su�ciently close to 1 such

that

8n � N : U
s

(x
n

)

(
< U

s

(p)� � if s 2 S+

> U

s

(p) + � if s 2 S�.
(39)

Note also that

U

s

(x)

(
> U

s

(p) if s 2 S+

< U

s

(p) if s 2 S�.
(40)

Since S is finite and U

s

is non-constant for all s 2 S, we can replace p with a mixture p

0 that
puts large enough weight on p and small weight on an appropriate lottery q to ensure that p0
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also satisfies properties (39) and (40) and additionally that for all s 2 S, U
s

(p0) 6= U

s

(x). Then
there exists �0 > 0 and N

0 such that for all s0 2 S0, either min{U
s

0(x
n

), U
s

0(x)} > U

s

0(p0)+ �

0 for
all n � N

0 or min{U
s

0(x
n

), U
s

0(x)} < U

s

0(p0)� �

0 for all n � N

0. Let S0� be the set of states in
S0 that satisfy the former inequality, and S0+ be the set of states in S0 that satisfy the latter
inequality.

Let m := |S|. By Lemma 13, we can find distinct lotteries {q1, ..., qm} such that
M({q1, ..., qm}, Usi) = {q

si} for all s
i

2 S. Define p

i

:= (1 � ✏)p0 + ✏q

i

for each s

i

2 S and
let A := {p1, ..., pm, �x} and A

n

:= {p1, ..., pm, �xn} for all n. By construction, we can choose
✏ > 0 su�ciently small such that for all n � max{N,N

0}:
8
>>><

>>>:

M(A
n

, U

si) = {p
i

} = M(A,U
si) if s

i

2 S0+

M(A
n

, U

si) = {p
i

} and M(A,U
si) = {�

x

} if s
i

2 S+

M(A
n

, U

si) = {�
xn} and M(A,U

si) = {p
i

} if s
i

2 S�

M(A
n

, U

si) = {�
xn} and M(A,U

si) = {�
x

} if s
i

2 S0�.

By Lemma 28, this implies A,A

n

2 A⇤ for all n � max{N,N

0}. Moreover, by assumption,
there exists s0 2 S+ [ S�, say s

0 = s

i

. If s
i

2 S+ (respectively, s
i

2 S�), then the above implies
that for all for all n � max{N,N

0}, ⇢(p
i

;A
n

) = µ(s
i

) > ⇢(p
i

;A) = 0 (respectively, ⇢(p
i

;A
n

) =
0 < µ(s

i

) = ⇢(p
i

;A)). Either way, lim
n

⇢(p
i

|A
n

) 6= ⇢(p
i

|A), contradicting Axiom 22. ⌅

G.5 Proof of Theorem 0: Necessity

Suppose that ⇢ admits an REU form representation (S, µ, {U
s

, ⌧

s

}
s2S). We show that ⇢ satisfies

Axiom 0. Observe first that for any finite Y ✓ X with y

⇤ 2 Y , (S, µ, {U
s

�
Y

, ⌧

s

�
Y

}
s2S)

constitutes an REU form representation of ⇢Y , where U

s

�
Y

denotes the restriction of U
s

to
Y and ⌧

s

�
Y

is given by ⌧

s

�
Y

(B) = ⌧

s

(B ⇥ RXrY ) for any Borel set B on RY . Thus, by
Theorem S3 in Ahn and Sarver (2013), ⇢Y satisfies Regularity, Linearity, Extremeness, and
Mixture Continuity.

To show that ⇢ satisfies Regularity, consider any p 2 A ✓ A

0. Pick a finite Y ✓ X with
y

⇤ 2 Y such that A,A

0 2 A(Y ). By definition, ⇢(p;A) = ⇢

Y (p;A) and ⇢(p;A0) = ⇢

Y (p;A0).
Hence, by Regularity for ⇢

Y , we have ⇢(p;A) � ⇢(p;A0), as required. Similarly, we can show
that ⇢ satisfies Linearity, Extremeness, and Mixture Continuity by using the fact that for each
finite Y , each ⇢

Y satisfies these axioms.
To show that ⇢ satisfies Finiteness, let K := |S| and consider any A 2 A. For each s 2 S,

pick any q

s

2 M(A,U
s

), and define B := {q
s

: s 2 S}. Note that |B|  K. If B = A, then
Finiteness is trivially satisfied. If B ( A, then pick any p 2 A r B. We can pick a large
enough finite Y ✓ X such that each U

s

is non-constant on Y and U

s

�
Y

6⇡ U

s

0 �
Y

for any distinct
s, s

0 2 S. Let r 2 �(Y ) be given by r(y) := 1
|Y | for each y 2 Y . For each s 2 Y , pick any

y

s

2 argmax
y2Y U

s

(y). Note that U

s

(y
s

) > U

s

(r). Define B

n := n�1
n

B + 1
n

{y
s

: s 2 S} and
p

n := n�1
n

p + 1
n

r. Then B

n !m

B and p

n

!m

p. Moreover, for all large enough n, we have
U

s

(n�1
n

q

s

+ 1
n

y

s

) > U

s

(pn) for each s 2 S. Thus, ⇢(pn; {pn} [ B

n) = 0, proving Finiteness.
Thus, ⇢ satisfies Axiom 0. Suppose next that each U

s

is continuous. We show that ⇢ satisfies
Axiom 22. Consider any A 2 A⇤ and sequence {A

n

} ✓ A⇤ such that An ! A in the Hausdor↵
topology. Suppose A = {p1, ..., pm}.
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Let B

✏

(pi) denote the ✏-neighborhood of pi in �(X) endowed with the Prokhorov metric.
Since A 2 A⇤, Lemma 28 implies that for each s 2 S, there is a unique index i

s

2 {1, ...,m}
such that U

s

(pis) > U

s

(pj) for all j 6= i

s

. Because each U

s

is continuous and S is finite, there
exists ✏̄ > 0 such that for all ✏  ✏̄, for all s, and for all q 2 B

✏

(pis) and q

0 2 B

✏

(pj) with j 6= i

s

,
we have U

s

(q) > U

s

(q0).
Fix any ✏  ✏̄. Since A

n ! A, there exists N such that for all n � N , we have A

n ✓S
m

j=1 B✏

(pj) and B

✏

(pj) \ A

n 6= ? for all j = 1, . . . ,m. Then by choice of ✏, the representation
implies that for all n � N and j = 1, . . . ,m

⇢(B
✏

(pj);An) =
X

s2S:is=j

µ(s) = ⇢(pj;A).

Thus, ⇢(·;An) ! ⇢(·;A) under the topology of weak convergence on �(�(X)), as required.

G.6 Additional Lemmas for Section G

G.6.1 Properties of N(A, p) sets

Lemma 25. Fix any X

0 ✓ X with y

⇤ 2 X. For any collection S, we let U(S) denote the set
of all finite unions of elements of S.
(i). If E 2 N (X 0) (resp. E 2 N+(X 0)), then E

c 2 U(N+(X 0)) (resp. Ec 2 U(N (X 0)).

(ii). If E1, E2 2 N (X 0) (resp. E1, E2 2 N+(X 0)), then E1 \ E2 2 N (X 0) (resp. E1 \ E2 2
N+(X 0)).

(iii). F(X 0) is the set of all E such that E =
S

`2L M`

\ N

`

for some finite index set L and
M

`

2 N (X 0), N
`

2 N+(X 0) for each ` 2 L.

(iv). F(X 0) is the set of all E for which there exists a finite Y ✓ X

0 with y

⇤ 2 Y and E

Y 2 F(Y )
such that E = E

Y ⇥ RXrY .

Proof.

(i): If E = N(A, p) 2 N (X 0), then E

c =
S

q2Ar{p} N
+({p, q}, q) 2 U(N+(X 0)) if p 2 A

and E

c = R̃X

0 2 U(N+(X 0)) if p /2 A. Similarly, if E = N

+(A, p) 2 N+(X 0), then E

c =S
q2Ar{p} N({p, q}, q) 2 U(N (X 0)) if p 2 A and E

c = R̃X

0 2 U(N (X 0)) if p /2 A.

(ii): If N(A1, p1), N(A2, p2) 2 N (X 0), then N(A1, p1) \ N(A2, p2) = N(12A1 +
1
2A2,

1
2p1 +

1
2p2) 2 N (X 0). The same argument goes through replacing all instances of N with N

+.
(iii): By standard results, F(X 0) can be described as follows: Let F0(X 0) denote the set

of all elements of N (X 0) [ N+(X 0) and their complements. Let F1(X 0) denote the set of
all finite intersections of elements of F0(X 0). Then F(X 0) is the set of all finite unions of
elements of F1(X 0). By part (i), F0(X) = U(N(X)) [ U(N(X 0)) is the collection of all finite
unions of elements of N (X 0) and of all finite unions of elements of N+(X 0). By part (ii),
F1(X 0) = F0(X) [ I(X 0), where I(X 0) consists of all finite unions of the form

S
`2L M`

\ N

`

,

where M
`

2 N (X 0) and N

`

2 N+(X 0) for each ` 2 L. Note that R̃X

0 2 N (X 0)\N+(X 0), since
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R̃X

0
= N

X

0({p}, p) = N

+
X

0({p}, p) for any p 2 �(X 0). Thus, F0(X) = U(N(X)) [ U(N(X 0)) ✓
I(X). Hence, F1(X) = I(X) = F(X).

(iv): Note first that for any N

X

0(A, p) 2 N (X 0) (resp. N+
X

0(A, p) 2 N+(X 0)) and any
finite Y ✓ X

0 with y

⇤ 2 Y and A 2 A(Y ), we have N

X

0(A, p) = N

Y

(A, p) ⇥ RX

0rY (resp.
N

+
X

0(A, p) = N

+
Y

(A, p) ⇥ RX

0rY ). Now fix any E 2 F(X 0). By part (iv), we have a finite
index set L and M

`

2 N (X 0), N
`

2 N+(X 0) for each ` 2 L such that E =
S

`2L M`

\ N

`

.
By the first sentence, we can then pick a finite Y ✓ X

0 with y

⇤ 2 Y such that for each `,
we have M

`

= M

Y

`

⇥ RX

0rY and N

`

= N

Y

`

⇥ RX

0rY , where M

Y

`

2 N (Y ) and N

Y

`

2 N+(Y ).
Then E = E

Y ⇥ RXrY , where E

Y :=
S

`2L M
Y

`

\ N

Y

`

2 F(Y ). Conversely, if EY 2 F(Y ),
then by part (iv), E

Y is of the form
S

`2L M
Y

`

\ N

Y

`

2 F(Y ) for some finite collection of
M

Y

`

2 N (Y ) and N

Y

`

2 N+(Y ). Then by the first sentence, M
`

:= M

Y

`

⇥RX

0rY 2 N (X 0) and
N

`

= N

Y

`

⇥ RX

0rY 2 N+(X 0), so E

Y ⇥ RX

0rY =
S

L

`=1 M`

\N

`

) 2 F(X 0) by part (iv). ⌅

G.6.2 Properties of regular finitely additive probability measures on F
Lemma 26. Let ⌫ be a regular finitely additive probability measure on F and suppose that
(N(p, A)r {0})\ supp ⌫ = ? for some A 2 A and p 2 A, where 0 denotes the unique constant
utility in R̃X . Then ⌫(N+(A, p)) = ⌫(N(A, p)) = 0.

Proof. Since (N(A, p)r {0}) \ supp ⌫ = ?, we have

N(A, p)r {0} ✓ (supp ⌫)c :=
[

{V 2 F : V open and ⌫(V ) = 0}.

Thus, for some possibly infinite index set I, there exists a family {V
i

}
i2I , with V

i

2 F open
and ⌫(V

i

) = 0 for each i such that

N(A, p)r {0} ✓
[

i2I

V

i

.

We now show that there is a finite subset {i1, . . . , in} ✓ I such that

N(A, p)r {0} ✓
n[

j=1

V

ij .

To see this, define C(A, p) := (N(A, p) \ [�1, 1]X) r {0}. Note that since [�1, 1]X is compact
in RX (by Tychono↵’s theorem) and N(A, p) is closed in R̃X , C(A, p) is compact in the relative
topology on R̃X r {0}. Hence, since C(A, p) ✓ N(A, p)r {0} is covered by

S
i2I Vi

and each V

i

is open, it has a finite subcover
S

n

j=1 Vij .
We claim that N(A, p) r {0} is also covered by

S
n

j=1 Vij . To see this, consider any u

⇤ 2
N(A, p)r {0}. We can find a finite Y ✓ X such that y⇤ 2 Y , u⇤ �

Y

is not constant, N(A, p) =
N

Y

(A, p)⇥RXrY , and for each j = 1, . . . , n, V
ij = V

Y

ij
⇥RXrY for some V Y

ij
2 FY (see Lemma 25

(iv)).
Since Y is finite, there exists ↵ > 0 small enough such that ↵u⇤(y) 2 [�1, 1] for all y 2 Y .

Define u 2 R̃X by u �
Y

= ↵u

⇤ �
Y

and u(x) = 0 for all x 2 XrY . Note that u 2 N(A, p): Indeed,
u

⇤ 2 N(A, p) = N

Y

(A, p)⇥RXrY , u �
Y

= ↵u

⇤ �
Y

, and N

Y

(A, p) is closed under positive scaling.
Moreover, u is not constant, since u

⇤ �
Y

is not constant. Finally, u 2 [�1, 1]X . This shows
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u 2 C(A, p). Since C(A, p) is covered by
S

n

j=1 Vij , there exists j such that u 2 V

ij = V

Y

ij
⇥RXrY .

But note that V Y

ij
is closed under positive scaling, since by Lemma 25 (iii) it is a finite union

of sets which are closed under positive scaling. Since u �
Y

= ↵u

⇤ �
Y

, this implies u⇤ 2 V

ij .
The above shows that N(A, p)r {0} is covered by

S
n

j=1 Vij , and hence so is N+(A, p). But
since ⌫(V

ij) = 0 for all j = 1, . . . , n and ⌫ is finitely additive, it follows that ⌫(N+(A, p)) = 0.
Moreover, by regularity of ⌫, this implies ⌫(N(A, p)) = 0. ⌅

Lemma 27. Suppose ⌫ is a regular finitely additive probability measure on F and supp ⌫ r
{0} = [u] for some u 2 R̃X . Then for any A 2 A and p 2 A, we have ⌫(N(A, p)) =
⌫(N(M(A, u), p)).

Proof. Fix any A 2 A and p 2 A.
Note first that for any q 2 A,

q /2 M(A, u) ) ⌫(N(A, q)) = 0. (41)

Indeed, if q /2 M(A, u), then ? = [u]\N(A, q) = (N(A, q)r{0})\ supp ⌫. But then Lemma 26
implies that ⌫(N(A, q)) = 0, as claimed.

Suppose now that p /2 M(A, u). Then (41) implies that ⌫(N(A, p)) = 0. Moreover,
N(B, p) := ? if p /2 B, so also ⌫(N(M(A, u), p)) = 0, as required.

Suppose next that p 2 M(A, u). Then

N(A, p) ✓ N(M(A, u), p) ✓ N(A, p) [
[

q2ArM(A,u)

N(A, q),

so that

⌫(N(A, p))  ⌫(N(M(A, u), p))  ⌫(N(A, p)) +
X

q2ArM(A,u)

⌫(N(A, q)) = ⌫(N(A, p)),

where the last equality follows from (41). This again shows that ⌫(N(A, p)) =
⌫(N(M(A, u), p)), as required. ⌅

G.6.3 Menus without ties

Lemma 28. Suppose ⇢ is represented by the REU form (S, µ, {U
s

, ⌧

s

}
s2S). Then for any A 2 A,

the following are equivalent:

(i). A 2 A⇤

(ii). For each s 2 S, |M(A, u
s

)| = 1

(iii). For each p 2 A, N(A, p) \ {u
s

: s 2 S} = N

+(A, p) \ {u
s

: s 2 S}.
Proof. The equivalence of (ii) and (iii) is immediate from the definitions. The proof that (i) is
equivalent to (ii) is entirely analogous to that of Lemma 14 and is thus omitted. ⌅
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H Proof of Proposition 7

The following three subsections prove Proposition 7, that is, the equivalence between DREU,
evolving utility, gradual learning and their respective S-based analogs.

H.1 DREU

“If” direction: Suppose ⇢ admits an S-based DREU representation
(S

t

, {µst�1
t

}
st�12St�1 , {Ust , ⌧st}st2St)t=0,...,T . We will construct a DREU representation

(⌦̂, F̂⇤
, µ̂, (F̂

t

, Û

t

, Ŵ

t

)).
Consider the space G :=

Q
T

t=0

�
S

t

⇥ RXt
�
of all sequences of states and tie-breaking util-

ities. Let ⌦̂ := {(s0,W0, . . . , sT ,WT

) 2 G :
Q

t

k=0 µ
sk�1

k

(s
k

) > 0}. Let F̂⇤ be the restric-
tion to ⌦̂ of the product sigma-algebra of the discrete sigma-algebra on

Q
T

t=0 St

and the
product Borel sigma-algebra on

Q
T

t=0 RXt . For each K = ({s0}, K0, ..., {sT}, KT

) 2 F̂⇤, let
µ̂(K) =

Q
T

t=0 µ
st�1
t

(s
t

)⌧
st(Kt

); by finiteness of
Q

T

t=0 St

, µ̂ extends to a finitely additive proba-
bility measure on ⌦̂ in the natural way.

Let ⇧
t

be the finite partition of ⌦̂ whose cells are all the cylinders C(s0, . . . , st) := {!̂ 2
⌦̂ : proj

S0⇥...⇥St
(!̂) = (s0, . . . , st)}. Let F̂t

be the sigma-algebra generated by ⇧
t

; by definition

of ⌦̂, µ(F̂
t

(!̂)) > 0 for all !̂ 2 ⌦̂. Also, F̂
t

(!̂) =
S

!̂

02F̂t(!̂)
F̂

t+1(!̂0), so (F̂
t

)0tT

✓ F̂⇤ is

a filtration. Define Û

t

: ⌦̂ ! RXt by Û

t

(!̂) = U

st where proj
St
(!̂) = s

t

. Note that (Û
t

)

is adapted to (F̂
t

) and that Û

t

(!̂) is nonconstant for each !̂ since each U

st is nonconstant.
Finally, if F

t�1(!̂) = F
t�1(!̂0) and F

t

(!̂) 6= F
t

(!̂0), then proj
St�1

(!̂) = proj
St�1

(!̂) = s

t�1 and
proj

St
(!̂) = s

t

6= s

0
t

= proj
St
(!̂0) for some s

t�1 2 S

t�1 and s

t

, s

0
t

2 suppµst�1
t

. By DREU1 (a),

this implies Û
t

(!̂) := U

st 6⇡ U

s

0
t
=: Û

t

(!̂0). Thus, (F
t

, U

t

) are simple.

Define Ŵ

t

: ⌦̂ ! RXt by Ŵ

t

(!̂) = W

t

where projRXt (!̂) = W

t

. Note that for all A
t

, µ̂({!̂ 2
⌦̂ : |M(A

t

, Ŵ

t

)| = 1}) = P
(s0,...,sT )

⇣Q
T

k=0 µ
sk�1

k

(s
k

)
⌘
⌧

st({Wt

2 RXt : |M(A
t

,W

t

)| = 1}) = 1,

since each ⌧

st is regular. Thus, (Ŵt

) satisfies part (i) of the regularity requirement for DREU.
Moreover, for any F̂

T

(!̂) = C(s0, . . . , sT ) and any sequence (B
t

) of Borel sets B

t

✓ RXt , the
definition of µ̂ implies

µ̂

 
T\

t=0

{Ŵ
t

2 B

t

}|C(s0, . . . , sT )

!
=

TY

t=0

⌧

st(Bt

) =
TY

t=0

µ̂

⇣
{Ŵ

t

2 B

t

} | C(s0, . . . , st)
⌘
.

(42)

Since F̂
T

(!̂) = C(s0, . . . , sT ) implies F̂
t

(!̂) = C(s0, . . . , st) for all t  T , this shows that (Ŵ
t

)
also satisfies parts (ii) and (iii) of the regularity requirement.

Finally, to see that (⌦̂, F̂⇤
, µ̂, (F̂

t

, Û

t

, Ŵ

t

)) represents ⇢, fix any h

t = (A0, p0, ..., At

, p

t

) 2 H
t

.

22



Then

µ̂(C(ht)) = µ̂

⇣T
t

k=0{!̂ 2 ⌦̂ : p
k

2 M(M(A
k

, Û

k

(!̂)), Ŵ
k

(!̂))}
⌘
=

P
C(s0,...,st)2⇧t

µ̂(C(s0, ..., st))µ̂
⇣T

t

k=0{!̂ 2 ⌦̂ : p
k

2 M(M(A
k

, Û

k

), Ŵ
k

)}|C(s0, ..., st)
⌘
=

P
(s0,...,st)2S0⇥...⇥St

Q
t

k=0 µ
sk�1

k

(s
k

)µ̂
⇣T

t

k=0{!̂ 2 ⌦̂ : p
k

2 M(M(A
k

, U

sk
), Ŵ

k

)}|C(s0, ..., st)
⌘
=

P
(s0,...,st)2S0⇥...⇥St

Q
t

k=0 µ
sk�1

k

(s
k

)⌧
sk
(p

k

, A

k

)

where the third equality follows from the definition of µ̂ and Û , and the final equality follows
from (42). Thus, as required, we have

µ̂(C(p
t

, A

t

)|C(ht�1)) =
µ̂(C(ht))

µ̂(C(ht�1)
=

P
(s0,...,st)

Q
t

k=0 µ
sk�1

k

(s
k

)⌧
sk
(p

k

, A

k

)
P

(s0,...,st�1)

Q
t�1
k=0 µ

sk�1

k

(s
k

)⌧
sk
(p

k

, A

k

)
= ⇢

t

(p
t

;A
t

|ht�1),

where the final equality holds by DREU2.
“Only if” direction: Take any DREU representation (⌦,F⇤

, µ, (F
t

, U

t

,W

t

)) of ⇢. We will
construct an S-based DREU representation (S

t

, {µ̂st�1
t

}
st�12St�1 , {Ûst , ⌧st}st2St)t=0,...,T .

For each t, let S

t

:= {F
t

(!) : ! 2 ⌦} denote the partition generating F
t

, which is finite
since (F

t

) is simple. Each µ̂

st
t+1 is defined to be the one-step-ahead conditional of µ, i.e.,

µ̂0(s0) := µ(s0) for all s0 2 S0 and µ̂

st
t+1(st+1) := µ(s

t+1|st) for all st 2 S

t

, s
t+1 2 S

t+1. This is

well-defined since µ(F
t

(!)) > 0 for all !. For each s

t

2 S

t

, define Û

st := U

t

(!) if ! 2 s

t

; this is
well-defined as (U

t

) is F
t

-adapted and each U

st is nonconstant since each U

t

(!) is nonconstant.
Finally, for any Borel set B

t

✓ RXt , define ⌧

st(Bt

) := µ({W
t

2 B

t

}|s
t

). This is well-defined
since W

t

is F⇤-measurable. Moreover, because µ({! 2 ⌦ : |M(A
t

,W

t

(!)| = 1} = 1 for all A
t

and |S
t

| is finite, it follows that ⌧

st(N(A
t

, p

t

)) = ⌧

st(N
+(A

t

, p

t

)) for all p
t

, i.e., ⌧
st is regular.

Thus, each (S
t

, µ

st�1
t

, {U
st , ⌧st}st2St) is an REU form on X

t

.
Moreover, (a) for any distinct s

t

, s

0
t

2 supp(µst�1
t

), we have !,!0 such that F
t�1(!) = s

t�1 =
F

t�1(!0) and F
t

(!) = s

t

6= F
t

(!0) = s

0
t

. Thus, Û
st = U

t

(!) 6⇡ U

t

(!0) = Û

s

0
t
, since (U

t

,F
t

) is
simple. Also, since (F

t

) is adapted, the partition S

t

refines the partition S

t�1, so that (b) for

any distinct s
t�1, s

0
t�1, we have supp(µ̂st�1

t

) \ supp(µ̂
s

0
t�1
t

) = ?. Since additionally µ(s
t

) > 0 for
all s

t

2 S

t

, we have (c)
S

st�12St�1
supp µ̂st�1

t

= S

t

. Thus, DREU1 is satisfied.
To see that DREU2 holds, observe that for each h

t = (A0, p0, ..., At

, p

t

) 2 H
t

, we have

µ(C(ht) =
P

sT2ST
µ(s

T

)µ (C(ht)|s
T

)

=
P

sT2ST
µ(s

T

)µ
�T

t

k=0{! 2 ⌦ : p
k

2 M(M(A
k

, U

k

),W
k

)}|s
T

�

=
P

(s0,...,sT )
9!2⌦8t: st=Ft(!)

µ(s
T

)µ
�T

t

k=0{pk 2 M(M(A
k

, U

sk
),W

k

)}|s
t

�

=
P

(s0,...,sT )
9!2⌦8t: st=Ft(!)

µ(s
T

)
Q

t

k=0 µ ({p
k

2 M(M(A
k

, U

sk
),W

k

)}|s
k

)

=
P

(s0,...,st)
9!2⌦8kt: sk=Fk(!)

Q
t

k=0 µ
sk�1

k

(s
k

)
Q

t

k=0 ⌧sk(pk, Ak

)

=
P

(s0,...,st)2S0⇥...⇥St

Q
t

k=0 µ
sk�1

k

(s
k

)
Q

t

k=0 ⌧sk(pk, Ak

),
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where the third equality follows from the fact that (U
t

) is F
t

-adapted, the fourth equality follows
from part (ii) of the regularity assumption on (W

t

), the final equality follows from the fact thatQ
t

k=0 µ
sk�1

k

(s
k

) = 0 whenever (s0, . . . , st) 6= (F0(!), . . . ,Ft

(!)) for all !, and the remaining

equalities hold by definition. Since ⇢

t

(p
t

;A
t

|ht�1) = µ(C(ht))
µ(C(ht�1) by (3), this shows that DREU2

holds.

H.2 Evolving Utility

“If” direction: Suppose ⇢ admits an S-based evolving utility representation
(S

t

, {µst�1
t

}
st�12St�1 , {Ust , ust , ⌧st}st2St)t=0,...,T . Let (⌦̂, F̂⇤

, µ̂, (F̂
t

, Û

t

, Ŵ

t

)) denote the corre-
sponding DREU representation of ⇢ obtained in the “if” direction for DREU. In addition, define
û

t

: ⌦̂ ! RZ for each t by û

t

(!̂) := u

st whenever projSt
(!̂) = s

t

. Note that the process (û
t

) is

F̂
t

-adapted. Moreover, for each !̂ = (s0,W0, ..., sT ,WT

), we have Û

T

(!̂) = U

sT = u

sT = û

T

(!̂)
and for each t  T � 1 and (z

t

, A

t+1)

Û

t

(!̂)(z
t

, A

t+1) = U

st(zt, At+1)

= u

st(zt) +
X

st+12St+1

µ

st
t+1(st+1) max

pt+12At+1

U

st+1(pt+1)

= û

t

(!̂)(z
t

) +
X

st+12St+1

µ̂(s
t+1|st) max

pt+12At+1

U

st+1(pt+1)

= û

t

(!̂)(z
t

) + E[ max
pt+12At+1

Û

t+1(pt+1)|F̂t

(!̂)],

where we let µ̂(s
t+1|st) := µ̂ (C(s0, . . . , st+1) | C(s0, . . . , st)).

“Only if” direction: Suppose ⇢ admits an evolving utility representation
(⌦,F⇤

, µ, (F
t

, U

t

, u

t

,W

t

)). Let (S
t

, {µ̂st�1
t

}
st�12St�1 , {Ûst , ⌧st}st2St)t=0,...,T denote the correspond-

ing S-based DREU representation obtained in the “only if” direction for DREU. In addition, for
each s

t

, define û
st 2 RZ by û

st = u

t

(!) for any ! 2 s

t

; this is well-defined as (u
t

) is F
t

-adapted.
Reversing the argument in the previous part, we can verify that û

sT = Û

sT for each s

T

and
Û

st(zt, At+1) = û

st(zt) +
P

st+1
µ̂

st
t+1(st+1)max

pt+12At+1 Ûst+1(pt+1) for each s

t

with t  T � 1.

H.3 Gradual learning

“If” direction: Suppose ⇢ admits an S-based gradual learning representation
(S

t

, {µst�1
t

}
st�12St�1 , {Ust , ust , ⌧st}st2St , �)t=0,...,T . Let (⌦̂, F̂⇤

, µ̂, (F̂
t

, Û

t

, û

t

, Ŵ

t

)) denote the cor-
responding evolving utility representation obtained in the “if” direction for evolving utility. In
addition, define �̂ := �. Note that for each !̂ = (s0,W0, .., sT ,WT

) and t  T � 1, we have
û

t

(!̂) = u

st = 1
�

P
st+1

µ

st
t+1(st+1)ust+1 = 1

�̂

E[û
t+1|F̂t

(!̂)]. Iterating expectations, this yields

û

t

(!̂) = �̂

t�TE[û
T

|F̂
t

(!̂)] = �̂

t�TE[Û
T

|F̂
t

(!̂)]. Replace Û

t

with Û

0
t

:= �̂

T�t

Û

t

for each t. By
Proposition 1, (⌦̂, F̂⇤

, µ̂, (F̂
t

, Û

0
t

, Ŵ

t

)) is still a DREU representation of ⇢. Moreover, for each
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t  T � 1, we have

Û

0
t

(!̂)(z
t

, A

t+1) = �̂

T�t

û

t

(!̂)(z
t

) + �̂

T�tE[ max
pt+12At+1

Û

t+1(pt+1)|F̂t

(!̂)]

= E[Û 0
T

(z
t

) | F̂
t

(!̂)] + �̂E[ max
pt+12At+1

Û

0
t+1(pt+1)|F̂t

(!̂)].

Thus, (⌦̂, F̂⇤
, µ̂, (F̂

t

, Û

0
t

, Ŵ

t

), �̂) is a gradual learning representation of ⇢.
“Only if” direction: Suppose that ⇢ admits a gradual learning representation

(⌦, µ, (F
t

, U

t

,W

t

), �). Let U 0
t

:= �

t�T

U

t

for all t. By Proposition 1, (⌦, µ, (F
t

, U

0
t

,W

t

)) is still a
DREU representation of ⇢. Moreover, let u

0
t

:= �

t�T

u

t

, where u

t

(!) := E[U
T

|F
t

(!)]. By (2),
for each !, we have U

0
T

(!) = U

T

(!) = u

T

(!) = u

0
t

(!) and for all t  T � 1

U

0
t

(!)(z
t

, A

t+1) = u

0
t

(!)(z
t

) + �

t�T

�E[ max
pt+12At+1

U

t+1(pt+1) | Ft

(!)]

= u

0
t

(!)(z
t

) + E[ max
pt+12At+1

U

0
t+1(pt+1) | Ft

(!)].

Thus, (⌦, µ, (F
t

, U

0
t

, u

0
t

,W

t

)) is an evolving utility representation of ⇢. Let
(S

t

, {µ̂st�1
t

}
st�12St�1 , {Û 0

st
, û

0
st
, ⌧

st}st2St)t=0,...,T denote the corresponding S-based evolving
utility representation of ⇢ obtained in the “only if” direction for evolving utility. In addition,
define �̂ := �. Then for each t  T � 1 and ! with F

t

(!) = s

t

, we have

û

0
st
= u

0
t

(!) = �̂

t�TE[U
T

|F
t

(!)] =
1

�̂

E[u0
t+1|Ft

(!)] =
1

�̂

X

st+1

µ̂

st
t+1(st+1)û

0
st
.

Thus (S
t

, {µ̂st�1
t

}
st�12St�1 , {Û 0

st
, û

0
st
, ⌧

st}st2St , �̂)t=0,...,T is an S-based gradual learning represen-
tation of ⇢. ⌅

I Proof of Proposition 1

I.1 “If” directions:

DREU: Note first that because (U
t

), (↵
t

), and (�
t

) are F
t

-adapted and (F
t

, U

t

) are simple, (i)
and (ii) imply (Û

t

) is (F̂
t

)-adapted and (F̂
t

, Û

t

) is simple. Consider any h

t = (p0, A0, ..., pt, At

) 2
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H
t

. Then

µ(C(ht)) =
X

FT (!)2⇧T

µ(F
T

(!))µ

 
t\

k=0

{p
k

2 M(M(A
k

, U

k

),W
k

)}|F
T

(!)

!

=
X

Ft(!)2⇧t

tY

k=0

µ(F
k

(!) | F
k�1(!))µ ({W

k

2 N(M(A
k

, U

k

(!)), p
k

)}|F
k

(!))

=
X

Ft(!)2⇧t

tY

k=0

µ̂(g
k

(F
k

(!)) | g
k�1(Fk�1(!)))µ̂

⇣
{Ŵ

k

2 N(M(A
k

, U

k

(!)), p
k

)}|g
k

(F
k

(!))
⌘

=
X

F̂t(!̂)2⇧̂t

tY

k=0

µ̂(F̂
k

(!̂) | F̂
k�1(!))µ̂

⇣
{Ŵ

k

2 N(M(A
k

, Û

k

(!̂)), p
k

)}|F̂
k

(!̂)
⌘

=
X

F̂T (!̂)2⇧̂T

µ̂(F̂
T

(!̂))

 
t\

k=0

{p
k

2 M(M(A
k

, Û

k

), Ŵ
k

)} | F̂
T

(!̂)

!
= µ̂(Ĉ(ht)),

where the second equality follows from regularity of (W
t

) and F
t

-adaptedness of (U
t

), the
third equality follows from assumptions (i) and (iii), the fourth equality from the fact that
g

t

is a bijection and assumption (ii), the fifth equality from the regularity of (Ŵ
t

) and F̂
t

-
adaptedness of (Û

t

), and the first and last equalities hold by definiton. Since D represents

⇢, this implies ⇢

t

(p
t

, A

t

|ht�1) = µ(C(ht))
µ(C(ht�1)) = µ̂(Ĉ(ht))

µ̂(Ĉ(ht�1))
= µ̂[Ĉ(p

t

, A

t

) | Ĉ(ht�1)]. Thus, D̂ is a

DREU representation of ⇢ as required.
Evolving utility: By the “if” direction for DREU, D̂ is a DREU representation of ⇢.

Moreover, by assumption (v) and since (u
t

), ↵0, (�t

) are (F
t

)-adapted, it follows that (û
t

) is
(F̂

t

)-adapted. It remains to show that (D̂, (û
t

)) satisfies (1). From assumptions (ii), (iv), and
(v) it is immediate that Û

T

= û

T

. Moreover, for all t  T � 1, and ! 2 ⌦, !̂ 2 g

t

(F
t

(!)), we
have

↵0(!)Ût

(!̂)(z, A
t+1) = U

t

(!)(z, A
t+1)� �

t

(!)

= u

t

(!)(z)� �

t

(!) + E
µ

[ max
pt+12At+1

U

t+1(pt+1) | Ft

(!)]

= ↵0(!)ût

(!̂)(z)� E
µ

[�
t+1|Ft+1(!)] + ↵0Eµ̂

[ max
pt+12At+1

Û

t+1(pt+1) | F̂t

(!̂)] + E
µ

[�
t+1|Ft

(!)]

= ↵0(!)

✓
û

t

(!̂)(z)E
µ̂

[ max
pt+12At+1

Û

t+1(pt+1) | F̂t

(!̂)]

◆

where the first equality follows from (ii) and (iv), the second from (1) for (D, (u
t

)), the third
from (i), (ii), (iv), and (v) (and the fact g

t

is a bijection), and the fourth by rearranging. Thus,
(D̂, (û

t

)) satisfies (1).
Gradual learning: By the “if” direction for DREU, D̂ is a DREU representation of ⇢.

Since � = �̂ by (vi), it remains to show that (D̂, �) satisfies (2). For all t  T1, (z, At+1), and
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! 2 ⌦, !̂ 2 g

t

(F
t

(!)), we have

↵0(!)Ût

(!̂)(z, A
t+1) + �

t

(!) = U

t+1(!)(z, At+1)

= E
µ

[U
T

(z)|F
t

(!)] + �E
µ

[ max
pt+12At+1

U

t+1(pt+1) | Ft

(!)]

= ↵0(!)Eµ̂

[Û
T

(z)|F̂
t

(!̂)] + E
µ

[�
T

|F
t

(!)] + ↵0(!)�Eµ̂

[ max
pt+12At+1

Û

t+1(pt+1) | F̂t

(!̂)] + �E
µ

[�
t+1|Ft

(!)]

= ↵0(!)

✓
E

µ̂

[Û
T

(z)|F̂
t

(!̂)] + �E
µ̂

[ max
pt+12At+1

Û

t+1(pt+1) | F̂t

(!̂)]

◆
+

1� �

T�t+1

1� �

E
µ

[�
T

| F
t

(!)],

where the first equality follows from (ii) and (iv), the second from (2) for (D, �), the third
from (i), (ii), and (iv) (and the fact g

t

is a bijection), and the final equality from (vii). Since
�

t

(!) = 1��

T�t+1

1��

E[�
T

| F
t

(!)] by (vii), this shows that (D̂, �) satisfies (2).

I.2 “Only if” directions:

DREU: Regularity of (Ŵ
t

) and the fact that each F̂
t

is generated by a finite partition ⇧̂
t

is immediate from D̂ being a DREU representation. Throughout the proof, for any t and
E

t

= F
t

(!) 2 ⇧
t

, we let U

t

(E
t

) denote U

t

(!) and likewise for Û ; this is well-defined by
adaptedness. We construct the sequence (g

t

,↵

t

, �

t

) inductively, dealing with the base case
t = 0 and the inductive step simultaneously.

Suppose t � 0 and that we have constructed (g
t

0
,↵

t

0
, �

t

0) satisfying (i)–(iii) for all t0 < t

(disregard the latter assumption if t = 0). If t > 0, fix any E

t�1 = F
t�1(!⇤) 2 ⇧

t�1, let
Ê

t�1 := g

t�1(Et�1), and let ⇧
t

(E
t�1) := {E

t

= F
t

(!) 2 ⇧
t

: F
t�1(!) = E

t�1} and ⇧̂
t

(Ê
t�1) :=

{Ê
t

= F̂
t

(!̂) 2 ⇧̂
t

: F̂
t�1(!̂) = Ê

t�1}. As in the proof of Lemma 2, we can repeatedly
apply Lemma 13 to find a separating history for E

t�1 = F
t�1(!⇤), i.e., a history h

t�1 =
(B0, q0, . . . , Bt�1, qt�1) 2 H⇤

t�1 such that {! 2 ⌦ : q

k

2 M(B
k

, U

k

(!))} = F
k

(!⇤) for all

k = 0, . . . , t� 1. By inductive hypothesis ht�1 is then also a separating history for Ê
t�1. Thus,

by Lemma 14 (and the translation to S-based DREU in Proposition 7), C(ht�1) = E

t�1 and
Ĉ(ht�1) = Ê

t�1. If t = 0, then in the following we let E
t�1 := ⌦, Ê

t�1 := ⌦̂, ⇧
t

(E
t�1) := ⇧0,

⇧̂
t

(E
t�1) := ⇧̂0, and we disregard all references to the separating history.

Enumerate ⇧
t

(E
t�1) = {Ei

t

: i = 1, . . . ,m} with corresponding utilities U

i

t

:= U

t

(Ei

t

) and
⇧̂

t

(Ê
t�1) = {Êj

t

: j = 1, . . . , m̂} with corresponding utilities Û j

0 := Û

t

(Êj

t

). Since (F
t

, U

t

) and
(F̂

t

, Û

t

) are both simple, we have µ(Ei

t

) > 0 for all i and U

i

t

6⇡ U

i

0
t

for i 6= i

0, and likewise
µ̂(Êj

t

) > 0 for all j and Û

j

t

6⇡ Û

j

0

t

for j 6= j

0. Note that for every j there exists a unique i(j)

such U

i(j)
t

⇡ Û

j

t

. Indeed, if such an i(j) exists it is unique because all the U i

t

represent di↵erent
preferences. And the desired i(j) exists, since otherwise by Lemma 13, we can find a menu
B

t

= {qi
t

: i = 1, . . . ,m} [ {q̂j
t

} such that M(B
t

, U

i

t

) = {qi
t

} for each i and M(B
t

, Û

j

t

) = {q̂j
t

}.
We can additionally assume (by replacing h

t�1 with an appropriate mixture if need be) that
h

t�1 2 H⇤
t�1(Bt

). Since D and D̂ both represent ⇢, we obtain

0 = µ[C(q̂j
t

, B

t

)|E
t�1] = ⇢

t

(q̂j
t

;B
t

|ht�1) = µ̂[Ĉ(q̂j
t

, B

t

)|Ê
t�1) � µ̂(Êj

t

|Ê
t�1) > 0,

a contradiction. Similarly, for every i, there exists a unique j(i) such that Û

j(i)
t

⇡ U

i

t

. Thus,

defining g

t

: ⇧
t

(E
t�1) ! ⇧̂

t

(Ê
t�1) by g

t

(Ei

t

) = Ê

j(i)
t

yields a bijection. By construction,
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U

t

(Ei

t

) ⇡ Û

t

(g
t

(Ei

t

)) for all i, so we can find ↵

t

(Ei

t

) 2 R++ and �(Ei

t

) 2 R such that U
t

(Ei

t

) =
↵

t

(Ei

t

)Û
t

(g
t

(Ei

t

)) + �(Ei

t

). Defining ↵(!) = ↵(F
t

(!)) and �(!) = �(F
t

(!)) this yields F
t

-
measurable maps ↵

t

, �

t

: E
t�1 ! R such that (ii) holds for all ! 2 E

t�1. Moreover, applying
Lemma 13 again, we can find a menu D

t

= {ri
t

: i = 1, . . . , n} such that M(D
t

, U

i

t

) = {ri
t

}
for each i. Again, slightly perturbing the separating history h

t�1 for E

t�1 if need be, we can
assume that h

t�1 2 H⇤
t�1(Dt

). Then by the representation, µ(Ei

t

|E
t�1) = ⇢

t

(ri
t

;Di

t

|ht�1) =

µ̂(g
t

(Ei

t

)|Ê
t�1) for all i, yielding (i).

To show (iii), consider any p

t

2 A

t

, where we can again assume h

t�1 2 H⇤
t�1(

1
2At

+ 1
2Dt

).
Let B

i

t

:= {w 2 RXt : p

t

2 M(M(A
t

, U

t

(Ei

t

)), w)}. Note that by (ii), B

i

t

= {w 2 RXt :
p

t

2 M(M(A
t

, Û

t

(g
t

(Ei

t

))), w)}. Thus, µ({W
t

2 B

t

}|Ei

t

) = µ(C(p
t

, A

t

)|Ei

t

) and µ̂({Ŵ
t

2
B

t

}|g
t

(Ei

t

)) = µ̂(Ĉ(p
t

, A

t

)|g
t

(Ei

t

)). But since D and D̂ both represent ⇢ and by choice of D
t

,

µ(Ei

t

|E
t�1)µ[C(p

t

, A

t

)|Ei

t

] = µ[C(
1

2
p

t

+
1

2
r

i

t

,

1

2
A

t

+
1

2
D

t

)|E
t�1] =

⇢

t

(
1

2
p

t

+
1

2
r

i

t

;
1

2
A

t

+
1

2
D

t

|ht�1) =

µ̂[Ĉ(
1

2
p

t

+
1

2
r

i

t

,

1

2
A

t

+
1

2
D

t

)|Ê
t�1] = µ̂(g

t

(Ei

t

)|Ê
t�1)µ̂[Ĉ(p

t

, A

t

)|g
t

(Ei

t

)],

which implies µ[C(p
t

, A

t

)|Ei

t

] = µ̂[Ĉ(p
t

, A

t

)|g
t

(Ei

t

)], since by (i) we have µ(Ei

t

|E
t�1) =

µ̂(g
t

(Ei

t

)|Ê
t�1). Thus, µ({Wt

2 B

t

}|Ei

t

) = µ̂({Ŵ
t

2 B

t

}|g
t

(Ei

t

)), as required.
Finally, note that the collection {⇧

t

(E
t�1) : E

t�1 2 ⇧
t�1} partitions ⇧

t

, and similarly
{⇧̂

t

(Ê
t�1) : Ê

t�1 2 ⇧̂
t�1} partitions ⇧̂

t

. Thus, applying the above construction for every
E

t�1 2 ⇧
t�1 yields a bijection g

t

: ⇧
t

! ⇧̂
t

and F
t

-measurable maps ↵

t

: ⌦ ! R++ and
�

t

: ⌦ ! R such that (i)–(iii) are satisfied.
Evolving utility: The “only if” part for DREU yields sequences (g

t

,↵

t

, �

t

) such that
(i)–(iii) are satisfied. It remains to show that (iv) and (v) hold. Throughout the proof, for
any E

t

= F
t

(!) 2 ⇧
t

, we sometimes use U

t

(E
t

), ↵
t

(E
t

), �
t

(E
t

) to denote U

t

(!), ↵
t

(!), �
t

(!);
this is well-defined since U

t

,↵

t

, �

t

are F
t

-measurable. We also let F
t�1(Et

) := F
t�1(!); this is

well-defined since F
t

(!) = F
t

(!0) implies F
t�1(!) = F

t�1(!0), as (F
t

) is a filtration.
For (iv), fix any ! and t  T � 1. Let E

t

:= F
t

(!) and pick any A

t+1, Bt+1 and z

t

. Then

U

t

(E
t

)(z
t

, A

t+1)� U

t

(E
t

)(z
t

, B

t+1) = ↵

t

(E
t

)(Û
t

(g
t

(E
t

))(z
t

, A

t+1)� Û

t

(g
t

(E
t

))(z
t

, B

t+1))

= ↵

t

(E
t

)
X

Êt+12⇧̂t+1

µ̂(Ê
t+1|gt(Et

))[max
At+1

Û

t+1(Êt+1)�max
Bt+1

Û

t+1(Êt+1)]

= ↵

t

(E
t

)
X

Et+12⇧t+1

µ̂(g
t+1(Et+1)|gt(Et

))[max
At+1

Û

t+1(gt+1(Et+1))�max
Bt+1

Û

t+1(gt+1(Et+1))]

= ↵

t

(E
t

)
X

Et+12⇧t+1

µ(E
t+1|Et

)[max
At+1

Û

t+1(gt+1(Et+1))�max
Bt+1

Û

t+1(gt+1(Et+1))]

= ↵

t

(E
t

)
X

Et+1 s.t. Ft(Et+1)=Et

µ(E
t+1|Et

)[max
At+1

Û

t+1(gt+1(Et+1))�max
Bt+1

Û

t+1(gt+1(Et+1))],

(43)

where the first equality holds by (ii), the second equality follows from D̂ being an evolving
utility representation, the third equality from the fact that g

t

is a bijection, the fourth equality
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from (i), and the fifth equality from the fact that µ(F
t+1(!0)|E

t

) > 0 i↵ F
t

(!0) = E

t

.
At the same time, we have

U

t

(E
t

)(z
t

, A

t+1)� U

t

(E
t

)(z
t

, B

t+1)

=
X

Et+12⇧t+1

µ(E
t+1|Et

)[max
At+1

U

t+1(Et+1)�max
Bt+1

U

t+1(Et+1)

=
X

Et+12⇧t+1

µ(E
t+1|Et

)↵
t+1(Et+1)[max

At+1

Û

t+1(gt+1(Et+1))�max
Bt+1

Û

t+1(gt+1(Et+1))]

=
X

Et+1 s.t. Ft(Et+1)=Et

µ(E
t+1|Et

)↵
t+1(Et+1)[max

At+1

Û

t+1(gt+1(Et+1))�max
Bt+1

Û

t+1(gt+1(Et+1))],

(44)

where the first equality follows from D being an evolving utility representation, the second
equality from (ii), and the third equality from the fact that µ(F

t+1(!0)|E
t

) > 0 i↵ F
t

(!0) = E

t

.
Combining (43) and (44), we have that for all A

t+1 and B

t+1,

X

Et+1 s.t. Ft(Et+1)=Et

µ(E
t+1|Et

)↵
t

(E
t

)[max
At+1

Û

t+1(gt+1(Et+1))�max
Bt+1

Û

t+1(gt+1(Et+1))]

=
X

Et+1 s.t. Ft(Et+1)=Et

µ(E
t+1|Et

)↵
t+1(Et+1)[max

At+1

Û

t+1(gt+1(Et+1))�max
Bt+1

Û

t+1(gt+1(Et+1))].

(45)

Since (F̂
t

, Û

t

) is simple and g

t

is a bijection, Û
t+1(gt+1(Et+1)) 6⇡ Û

t+1(gt+1(E 0
t+1)) for all dis-

tinct E

t+1, E
0
t+1 with F

t

(E
t+1) = E

t

= F
t

(E 0
t+1). So by Lemma 13, we can find a menu

A

t+1 := {qEt+1
t+1 : F

t

(E
t+1) = E

t

} such that for all E

t+1 with F
t

(E
t+1) = E

t

we have

M(A
t+1, Ût+1(gt+1(Et+1)) = {qEt+1

t+1 }. Let E⇤
t+1 := F

t+1(!) and let B
t+1 = A

t+1r {qE⇤
t+1

t+1 }. Then
in (45), [max

At+1 Ût+1(gt+1(Et+1))�max
Bt+1 Ût+1(gt+1(Et+1))] 6= 0 i↵ E

t+1 = E

⇤
t+1. Hence, (45)

implies ↵
t

(!) = ↵

t

(E
t

) = ↵

t+1(E⇤
t+1) = ↵

t+1(!). Since this is true for all t  T �1, (iv) follows.

For (v), note that the claim for T is immediate from (ii) and the fact that U
T

= u

T

, Û
T

= û

T

.
Next, fix any ! 2 ⌦, !̂ 2 g

t

(F
t

(!), t  T � 1, and (z, {p
t+1}). Then

U

t

(!)(z, {p
t+1}) = u

t

(!)(z) + E
µ

[U
t+1(pt+1)|Ft

(!)]

= u

t

(!)(z) + ↵0(!)Eµ̂

[Û
t+1(pt+1)|F̂t

(!̂)] + E
µ

[�
t+1|Ft

(!)],
(46)

where the first equality follows from (D, (u
t

)) being an evolving utility representation and the
second equality from (i), (ii), (iv) (and the fact that g

t

is a bijection). At the same time, we
have

U

t

(!)(z, {p
t+1}) = ↵0(!)Ût

(!̂)(z, {p
t+1}) + �

t

(!)

= ↵0(!)ût

(!)(z) + ↵0(!)Eµ̂

[Û
t+1(pt+1)|F̂t

(!̂)] + �

t

(!),
(47)

where the first equality follows from (ii) and (iv) and the second equality from (D̂, (û
t

)) being
an evolving utility representation. Combining (46) and (47) yields the desired claim.
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Gradual learning: Since ⇢ admits a gradual learning representation and satisfies Condi-
tion 1, ⇢ satisfies Axiom 9. Letting ↵

⇤ be as in Axiom 9, we first show that � = 1�↵

⇤

↵

⇤ = �̂.
Indeed, combining the proofs of Proposition 7 (equivalence of gradual learning and S-

based gradual learning representations) and of the necessity direction of Theorem 3, it is
easy to see that for all t  T � 1, h

t, and q

t

, r

t

2 �(X
t

), we have q

t

%
h

t
r

t

if and only
if U

t

(!)(q
t

) � U

t

(!)(r
t

) for all ! 2 C(ht). Fix any ! 2 ⌦ and h

0 = (A0, p0) 2 H⇤
0

such that {!0 : p0 2 M(A0, U0(!0))} = F0(!) (which exists by Lemma 13). Then by
Lemma 14, C(h0) = F0(!). So by Condition 1 applied to h

0, we can find `,m, n 2 �Z

such that U0(!)(`, n, . . . , n) 6= U0(!)(m,n, . . . , n). Moreover, by Axiom 9 applied to h0, we have
U0(!)(↵⇤

`+(1�↵

⇤)m,↵

⇤
`+(1�↵

⇤)m,n, . . . , n)) = U0(!)(`,m, n, . . . , n). Note that by (2) and
iterated expectations, we have U0(`0, . . . , `T ) =

P
T

k=0 �
k

u0(!)(`k) for any stream of consumption
lotteries, (`0, . . . , `T ), where u0(!) := E[U

T

|F0(!)]. Hence, by the preceding observations, we
have u0(!)(`) 6= u0(!)(m) and (1+�) (↵⇤

u0(!)(`) + (1� ↵

⇤)u0(!)(m)) = u0(!)(`)+�u0(!)(m).
This implies � = 1�↵

⇤

↵

⇤ . The same argument for D̂ shows �̂ = 1�↵

⇤

↵

⇤ , proving (vi).

Next, define U

0
t

:= �

t�T

U

t

, Û

0
t

:= �̂

t�T

Û

t

, u

0
t

:= �

t�T

u

t

, û

0
t

:= �̂

t�T

û

t

, where u

t

(!) :=
E[U

T

|F
t

(!)], û

t

(!̂) := E[Û
T

|F̂
t

(!̂)] for all !, !̂. By the “if” part for DREU, D0 :=
(⌦,F⇤

, µ, (F
t

, U

0
t

,W

t

)) and D̂0 := (⌦̂, F̂⇤
, µ̂, (F̂

t

, Û

0
t

, Ŵ

t

)) are still DREU representations of ⇢.
Moreover, by (2), for each !, we have U

0
T

(!) = U

T

(!) = u

T

(!) = u

0
T

(!) and for all t  T � 1

U

0
t

(!)(z
t

, A

t+1) = u

0
t

(!)(z
t

) + �

t�T

�E[ max
pt+12At+1

U

t+1(pt+1) | Ft

(!)]

= u

0
t

(!)(z
t

) + E[ max
pt+12At+1

U

0
t+1(pt+1) | Ft

(!)].

Thus, (D0
, (u0

t

)) is an evolving utility representation of ⇢ and likewise for (D̂0
, (û0

t

)). By the“only
if” direction for evolving utility, there exists g

t

,↵

t

, �

0
t

such that (D0
, (u0

t

)) and (D̂0
, (û0

t

)) satisfy
properties (i)–(v). Then (i) and (iii) hold for D and D̂ as well. Moreover, for any t, ! and
!̂ 2 g

t

(F
t

(!)), we have U

0
t

(!) = ↵0(!)Û 0
t

(!̂) + �

0
t

(!). But since U

0
t

= �

t�T

U

t

and Û

0
t

= �̂

t�T

Û

t

and � = �̂, this implies U
t

(!) = ↵0(!)Ût

(!̂)+�

t

(!), where �
t

:= �

T�t

�

0
t

. Thus, g
t

, ↵
t

, �
t

satisfy
(i)–(iv) for D and D̂.

Finally, note that by (v) for (D0
, (u0

t

)) and (D̂0
, (û0

t

)), we have u0
t

(!) = ↵0(!)û0
t

(!̂) + �

0
t

(!)�
E[�0

t+1|Ft

(!)] for all t  T � 1. Equivalently, u
t

(!) = ↵0(!)ût

(!̂) + �

t

(!) � �E[�
t+1|Ft

(!)].

Combining this with the fact that u
t

(!) = E
µ

[U
T

|F
t

(!)] = ↵0(!)Eµ̂

[Û
T

|F̂
t

(!̂)] + E
µ

[�
T

|F
t

(!)]
and û

t

(!̂) = E
µ̂

[Û
T

|F̂
t

(!̂)] yields �
t

(!) = E[�
T

|F
t

(!)]+ �E[�
t+1|Ft

(!)]. Then an easy inductive

argument shows �
t

(!) = 1��

T�t+1

1��

E[�
T

|F
t

(!)], proving (vii). ⌅

J Proofs for Section 5.2

J.1 Proof of Proposition 2

(ii)=)(i): Consider any (ht�1
, A

t

, p

t

), (ht�1
, A

t

, q

t

) 2 H
t

and p

t+1 2 A

t+1 2 A⇤
t+1(h

t�1
, A

t

, p

t

)\
A⇤

t+1(h
t�1

, A

t

, q

t

) such that A
t

and A

t+1 are atemporal, AZ

t+1 ✓ A

Z

t

and p

Z

t+1 = p

Z

t

=: p.
Let U

t

(p) := {u
t

(!) : ! 2 C(ht�1
, A

t

, p

t

)} and U
t

(q) := {u
t

(!) : ! 2 C(ht�1
, A

t

, q

t

)}.
Note that since A

t+1 features no ties, Lemma 14 implies C(p
t+1, At+1) = {! : p

t+1 2
M(A

t+1, Ut+1(!))}, which since A

t+1 is atemporal is in turn equal to {! : p 2
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M(AZ

t+1, ut+1(!))}. Hence, by the representation,

⇢

t+1(pt+1;At+1|ht�1
, A

t

, p

t

) = µ({p 2 M(AZ

t+1, ut+1)}|C(ht�1
, A

t

, p

t

))

� min
u2Ut(p)

µ({p 2 M(AZ

t+1, ut+1)}|C(ht�1) \ {u
t

⇡ u}). (48)

Likewise,

⇢

t+1(pt+1;At+1|ht�1
, A

t

, q

t

) = µ({p 2 M(AZ

t+1, ut+1)}|C(ht�1
, A

t

, q

t

))

 max
u

02Ut(q)
µ({p 2 M(AZ

t+1, ut+1)}|C(ht�1) \ {u
t

⇡ u

0}). (49)

Pick u 2 U
t

(p) (respectively, u0 2 U
t

(q)) which achieve the min (respectively max) in (48) (re-
spectively, in (49)). Let {u1

t+1, ..., u
m

t+1} := {u
t

(!) : ! 2 C(ht�1
, A

t

, p

t

)[C(ht�1
, A

t

, q

t

) and p 2
M(AZ

t+1, ut+1(!))} and let D := co{u, u1
t+1, ..., u

m

t+1}. Note that since AZ

t

◆ A

Z

t+1 and since pZ
t

=
p, we have p 2 M(AZ

t+1, u). Hence, C(ht�1)\{u
t

⇡ u}\{p 2 M(AZ

t+1, ut+1)} = C(ht�1)\{u
t

⇡
u} \ [D], and likewise C(ht�1) \ {u

t

⇡ u

0} \ {p 2 M(AZ

t+1, ut+1)} = C(ht�1) \ {u
t

⇡ u

0} \ [D].
Thus,

µ({p 2 M(AZ

t+1, ut+1)}|C(ht�1) \ {u
t

⇡ u}) = µ([D]|C(ht�1) \ {u
t

⇡ u}) �
µ([D]|C(ht�1) \ {u

t

⇡ u

0}) = µ({p 2 M(AZ

t+1, ut+1)}|C(ht�1) \ {u
t

⇡ u

0}), (50)

where the inequality holds by (ii). Combining (48), (49), and (50) yields
⇢

t+1(pt+1;At+1|ht�1
, A

t

, p

t

) � ⇢

t+1(pt+1;At+1|ht�1
, A

t

, q

t

), as required.

(i)=)(ii): We prove the contrapositive. Suppose that for some u, u

0 2 RZ and h

t�1 with
C(ht�1) \ {u

t

⇡ u} 6= ? 6= C(ht�1) \ {u
t

⇡ u

0}, and convex D ✓ RZ with u 2 D, we have

µ({u
t+1 2 [D]}|C(ht�1) \ {u

t

⇡ u}) < µ({u
t+1 2 [D]}|C(ht�1) \ {u

t

⇡ u

0}).

Let U
t+1 be the set of possible realizations of u

t+1 conditional on event C(ht�1) \ {! : u
t

⇡
u or u0}. Likewise, U

t

be the set of possible realizations of u
t

conditional on event C(ht�1).
Utility functions in these sets are all non-constant by Condition 2 (Uniformly Ranked Pair).
Denote {u1

t+1, ..., u
m

t+1} := U
t+1 \ [D] and {û1

t+1, ..., û
n

t+1} := U
t+1 r [D]. Fix any p

Z 2 int�(Z).
Note that for any j = 1, ..., n, ûj

t+1 does not belong to [co{u, u1
t+1, ..., u

m

t+1}]. Thus, by Lemma
29, for each j = 1, ..., n, we can find vector wj 2 RZ with

P
z

w

j(z) = 0 such that ûj

t+1 · wj

>

0 � u

i

t+1 · wj

, u · wj for any i = 1, ...,m. For each j, we construct qZ(j) 2 �(Z) such that the
vector qZ(j)� p

Z (in RZ) is proportional to w

j.58 Thus for each j = 1, ..., n and i = 1, ..,m, we
have û

j

t+1 · (qZ(j)� p

Z) > 0 � u

i

t+1 · (qZ(j)� p

Z), u · (qZ(j)� p

Z).
Take the lotteries p̄, p 2 �Z from Condition 2 (Uniformly Ranked Pair). Since u ·(p̄�p) > 0

and u

i

t+1 · (p̄ � p) > 0 for each i = 1, ..., n, by setting p̃

Z = (1 � ✏)pZ + ✏(p̄ � p), we have 0 >

u

i

t+1 ·(qZ(j)�p̃

Z), u·(qZ(j)�p̃

Z) for any i = 1, ...,m and j = 1, ..., n. We pick ✏ su�ciently small
so that p̃Z is indeed well-defined (i.e., belongs to �Z) and also û

j

t+1 · (qZ(j)� p̃

Z) > 0 holds for
each j = 1, ..., n. Finally, for this construction of the set of lotteries {p̃Z}[{qZ(j) : j = 1, ..., n},
subject to perturbations of these, we can without loss require u

t

(qZ(j)) 6= u

t

(qZ(j0)) for each

58Note that such a construction is possible because pZ is in interior of �(Z).
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u

t

2 U
t

and distinct j, j0 = 1, .., n while keeping the above strict inequalities.59

Construct an atemporal menu A

t+1 such that A

Z

t+1 = {p̃Z} [ {qZ(j) : j = 1, ..., n}. Note
that since û

j

t+1 · (qZ(j)� p̃

Z) > 0 > u

i

t+1 · (qZ(j)� p̃

Z) for any j = 1, ..., n and i = 1, ...,m, we
have

µ(p̃Z 2 M(u
t+1, A

Z

t+1)|C(ht�1), u
t

⇡ u) = µ({u
t+1 2 [D]}|C(ht�1), u

t

⇡ u)

Let {[u1
t

], ..., [uk

t

]} denote the collection of equivalent classes of utilities in U
t

, and assume
u 2 [u1

t

] without loss. By Lemma 13, we construct a collection of consumption lotteries {rZ(l) :
l = 1, ..., k} such that ul

t

(rZ(l)) > u

l

t

(rZ(l0)) any distinct l, l0 = 1, ..., k and any u

l

t

2 [ul

t

]. Then
we construct an atemporal menu A

t

such that

A

Z

t

= {p̃Z} [ {qZ(j) : j = 1, ..., n} [ {p̃Z + ✏

0(rZ(l)� r

Z(1)) : l = 2, ..., k}

This is well-defined if ✏0 is su�ciently small, as p̃Z is in interior of �(Z). M(p̃Z , AZ

t

)\U
t

✓ [u].
Note that we required u

t

(qZ(j)) 6= u

t

(qZ(j0)) for each u

t

2 U
t

and distinct j, j

0 = 1, .., n.
Also, for any u

t

2 U
t

, u
t

(p̃Z + ✏

0(rZ(l) � r

Z(1))) is non-constant in ✏

0. Therefore, under an
appropriate value of small ✏0, |M(u

t

, A

Z

t

)| = 1 for all u
t

2 U
t

. This guarantees A

t

2 A⇤(ht�1)
(by Lemma 14). Since u

l

t

· (rZ(l) � r

Z(1)) > 0 > u · (qZ(j) � p̃

Z), u · (rZ(l) � r

Z(1)) for each
j = 1, .., n, l = 1, ..., k, and u

l

t

2 [ul

t

],

µ(p̃Z 2 M(u
t

, A

Z

t

)|C(ht�1)) = µ({u
t

⇡ u}|C(ht�1)).

Let p

t

denote the lottery in A

t

such that p

Z

t

= p̃

Z . Since u 6⇡ u

0, which implies u

0(p̃Z +
✏

0(rZ(l) � r

Z(1)) > u

0(p̃Z) for some l such that u

0 2 [ul

t

], there is a lottery q

t

2 A

t

di↵erent
from p

t

such that M(AZ

t

, u

0) = {qZ
t

}. Also, |M(u
t+1, A

Z

t+1)| = 1 for all u
t+1 2 U

t+1, and thus
A

t+1 2 A⇤
t+1(h

t�1
, A

t

, p

t

) \A⇤
t+1(h

t�1
, A

t

, q

t

).
In case A

t

62 A(ht�1), by mixing h

t�1 with an appropriate degenerate history, we choose
another history ĥ

t�1 that has the property that C(ht�1) = C(ĥt�1) and A

t

2 A(ĥt�1). We have
A

Z

t

◆ A

Z

t+1, but by the above observations,

⇢

t+1(pt+1;At+1|ĥt�1
, A

t

, p

t

) = µ({u
t+1 2 [D]}|C(ht�1), u

t

⇡ u)

< µ({u
t+1 2 [D]}|C(ht�1), u

t

⇡ u

0)

= ⇢

t+1(pt+1;At+1|ĥt�1
, A

t

, q

t

),

which contradicts Consumption Persistence. ⌅

Lemma 29. Take any finite X and finite set of non-constant utilities {U1
, .., U

m} ✓ RX . Then
for any non-constant U 2 RX , the following are equivalent:

(i). for any w 2 RX such that
P

x

w(x) = 0,

[8i = 1, ...,m, U

i · w � 0] ) U · w � 0

(ii). U 2 [co{U1
, ..., U

m}]
59That is, ûj

t+1 · (qZ(j)� p̃Z) > 0 > ui
t+1 · (qZ(j)� p̃Z), u · (qZ(j)� p̃Z) for any j = 1, ..., n and i = 1, ...,m.

Note also that each ut 2 Ut is non-constant.
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Proof. The result follows from the utilitarian aggregation theorem, e.g., Theorem 2 in Fishburn
(1984). ⌅

J.2 Proof of Proposition 3

(ii)=)(i): Take any t, history h

t�1 and atemporal menus A

t

2 A
t

(ht�1) and A

t+1 2
A⇤

t+1(h
t�1

, A

t

, p

t

) such that A

Z

t+1 ✓ A

Z

t

. This implies the existence of a possible realization
of period t consumption utility u

t

= u conditional on C(ht�1) such that u(pZ
t

) > u(qZ
t

) for all
q

Z

t

2 A

Z

t

r {pZ
t

}. By (ii) there exists a possible realization of period t + 1 consumption utility
u

t+1 = u

0 ⇡ u conditional on C(ht�1)\{u
t

⇡ u}. Note that, for any such u

0, AZ

t+1 ✓ A

Z

t

ensures
u

0(pZ
t+1) > u

0(qZ
t+1) for all q

Z

t+1 2 A

Z

t+1 r {pZ}. This implies

⇢

t+1(pt+1;At+1|ht�1
, A

t

, p

t

) � µ({u
t+1 ⇡ u}|C(ht�1), u

t

⇡ u) > 0.

(i)=)(ii): Suppose for a contradiction that there is some t and history h

t�1such that

µ({u
t+1 ⇡ u}|C(ht�1), u

t

⇡ u) = 0

for some u such that µ(u
t

⇡ u|C(ht�1)) > 0. Let ([u1], ..., [um]) denote the possible equiva-
lence classes of consumption utilities that can realize in either period t or t + 1, and suppose
without loss that u 2 [u1]. Note that they are all non-constant by Condition 1 (Consumption
Nondegeneracy). By applying Lemma 13 to consumption lotteries, we construct a collection
of consumption lotteries {pZ(i) : i = 1, ...,m} ✓ �(Z) such that u

i(pZ(i)) > u

i(pZ(j)) for
any distinct pair i, j = 1, ...,m and u

i 2 [ui]. Based on this we take an atemporal menu
A

t

such that A

Z

t

= {pZ(i) : i = 1, ...,m}. Also we construct an atemporal menu A

t+1 such
that A

Z

t+1 = {pZ(i) : i = 1, ..,m}. Let p

t

and p

t+1 denote the lotteries in A

t

and A

t+1

such that p

Z

t

= p

Z

t+1 = p

Z(1). In this construction, without loss we require the support of
each lottery in A

t

to contain an A

t+1. By construction A

t

2 A⇤
t

and A

t+1 2 A⇤
t+1 (Lemma

14). Note in particular that, conditional on C(ht�1), u
t

2 M(A
t

, p

t

) only if u
t

⇡ u, so that
C(ht�1

, A

t

, p

t

) = C(ht�1) \ {u
t

⇡ u} since there is no tie at A
t

.
In case A

t

62 A(ht�1), by mixing h

t�1 with an appropriate degenerate history, we choose
another history ĥ

t�1 that has the property that C(ht�1) = C(ĥt�1) and A

t

2 A(ĥt�1)
But

⇢

t+1(pt+1;At+1|C(ĥt�1
, A

t

, p

t

)) = µ({u
t+1 ⇡ u}|C(ht�1), u

t

⇡ u) = 0,

which contradicts consumption perseverance. ⌅

J.3 Proof of Corollary 1

first part, “only if”:
We consider the case m � 2 as otherwise the desired statement trivially holds with any ↵.

First, take any distinct pair of indices i, j = 1, ...,m. By the consumption persistence and its
characterization (Proposition 2),

M

ii

= µ({u1 2 [ui]}|u0 = u

i) � µ({u1 2 [ui]}|u0 = u

j) = M

ji

(51)
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(Note that by assumption both u

i and u

j arise with positive probability in period 0).
Next, take any distinct pair of indices i, j = 1, ...,m and let D = co{ui

, u

j}. Note that by
assumption there is no k 6= i, j such that u

k 2 [D]. By the consumption persistence and its
characterization (Proposition 2),

M

ii

+M

ij

= µ({u1 2 [D]}|u0 = u

i) = µ({u1 2 [D]}|u0 = u

j) = M

jj

+M

ji

. (52)

Then we first consider the case m = 2. Since 1 = M11 + M12 = M22 + M21, we have
M11 � M21 = M22 � M12 := ↵, which is nonnegative by the above (51). Since the Markov
chain is irreducible, M21,M12 > 0, which also ensures ↵ < 1. By setting ⌫(u1) = M21

1�↵

and

⌫(u2) = M12
1�↵

, we obtain the desired form.
To consider the case m � 3, take any distinct triple of indices i, j, k = 1, ...,m and let D0 =

co{ui

, u

j

, u

k}. By assumption there is no l 6= i, j, k such that u

l 2 [D0]. By the consumption
persistence and its characterization (Proposition 2),

M

ii

+M

ij

+M

ik

= µ({u1 2 [D0]}|u0 = u

i) = µ({u1 2 [D0]}|u0 = u

j) = M

jj

+M

ji

+M

jk

.

Combined with the above (52), this implies thatM
ik

= M

jk

for any i, j, k. Thus define �
k

:= M

ik

for each k. Here �

k

> 0, because otherwise
P

i 6=k

M

ik

= 0, which implies that the Markov
chain is not irreducible. By the above (52), M

ii

� M

ji

= M

jj

� M

ij

for any i, j, and thus
M

ii

��

i

= M

jj

��

j

=: ↵ for any i, j. Since the Markov chain is irreducible, ↵ < 1 (as otherwise

M

ii

= 1 for any i). We set ⌫(uj) := �j

1�↵

for each u

j, which leads to the desired form.
first part, “if”:

Take any t and [u], [u0] ✓ RZ that correspond to possible realizations of period t consumption
utilities. For any E

t�1,

µ({u
t+1 2 [D]}|E

t�1, ut

⇡ u) = ↵ + (1� ↵)
X

u

j2[D]

⌫(uj)

� ↵µ({u
t

2 [D]}|E
t�1, ut

⇡ u

0) + (1� ↵)
X

u

j2[D]

⌫(uj)

= µ({u
t+1 2 [D]}|E

t�1, ut

⇡ u

0).

Thus ⇢ features choice persistence by Proposition 2.
Second part:

The proof follows immediately by applying Proposition 3 and thus is omitted. ⌅

K Proofs for Section 6

Proof of Proposition 6. Let E denote the support of distribution of ("(x,{y})1 , "

(x,{z})
1 ), which is

also the support of distribution of ("y2, "
z

2). Fix a function � : E ! [0, 1] such that

�("y, "z) 2 argmax
↵2[0,1] 2 ↵(�2v2(y) + �

2
"

y) + (1� ↵)(�2v2(z) + �

2
"

z)
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for each ("y, "z) 2 E . Then

E0[max{�2v2(y) + �

2
"

y

2, �
2
v2(z) + �

2
"

z

2}]
= E0[�("

y

2, "
z

2)(�
2
v2(y) + �

2
"

y

2) + (1� �("y2, "
z

2))(�
2
v2(z) + �

2
"

z

2)]

= �

2(↵⇤
v2(y) + (1� ↵

⇤)v2(z)) + �

2E0[�("
y

2, "
z

2)"
y

2 + (1� �("y2, "
z

2))"
z

2]

where ↵⇤ := E0[�("
y

2, "
z

2)]. Note that since "2 have mean zero, �2(↵⇤
v2(y)+ (1�↵

⇤)v2(z)) is the
expected value the agent would obtain from A

late
1 if in period 2 she chooses y with probability ↵

⇤

regardless of the realization of ✏2. This implies that the term �

2E0[�("
y

2, "
z

2)"
y

2+(1��("y2, "
z

2))"
z

2]
is nonnegative. At the same time,

E0[max{�2v2(y) + �"

(x,{y})
1 , �

2
v2(z) + �"

(x,{z})
1 }]

� E0[�("
(x,{y})
1 , "

(x,{z})
1 )(�2v2(y) + �"

(x,{y})
1 ) + (1� �("(x,{y})1 , "

(x,{z})
1 ))(�2v2(z) + �"

(x,{z})
1 )]

= �

2(↵⇤
v2(y) + (1� ↵

⇤)v2(z)) + �E0[�("
y

2, "
z

2)"
y

2 + (1� �("y2, "
z

2))"
z

2]

where the equality used the i.i.d assumption on "1 and "2. Therefore E0[max{�2v2(y) +
�"

(x,{y})
1 , �

2
v2(z) + �"

(x,{z})
1 }] � E0[max{�2v2(y) + �

2
"

y

2, �
2
v2(z) + �

2
"

z

2}]. Thus the desired claim
follows by the i.i.d assumption on ✏0.

⌅
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