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F Consumption Dependence

F.1 Enriched Primitive

To accommodate consumption dependence, we enrich the stochastic choice data studied in
previous sections: We not only keep track of past choices of lotteries from menus, but also of
the corresponding realized consumptions.

The dynamic stochastic choice rule p is again defined recursively. The observed choice distri-
bution at period 0 is summarized by a map po : Ag — A(A(Xp)) such that > . po(po; Ao) =
1 for all Ay. The set of enriched period 0 histories Hy := {(Ao, po, 20) : po(Po, Ao) > 0 and z, €
supp pf } summarizes all choices py from Ay and realized consumptions zy that jointly occur
with positive probability. For any history h® = (Ag, po, 20) € Ho, let A;(h°) = {4, € A; :
(20, A1) € supppo} denote the set of period 1 menus that follow h® with positive probability.
For each t = 1,...,T and history h*~! € H,_;, observed period ¢ choices following ht~! are
summarized by a map p(-[h*~") : A(h'~") — A(A(X;)) such that 37\ pi(pi; A [ h'71) =1
for all A, € A;(h'™'). The set of enriched period-t histories is denoted by

He = {(W'", A,y ze) t ' € Hyy; Ay € A(W1); pu(pes Adh™") > 0; 2, € suppp? ).

For each t < T — 1, the set of period ¢ 4+ 1 menus that follow history h! = (h'~!, A;, py, ;) with
positive probability is A1 (h?) := {A;1 € A1 @ (2, Arr1) € suppp:} and the set of period-t
histories that lead to A,y with positive probability is Hy (A1) := {h* € H; : Ay € Aiyq(hh)}.

Finally, for each t = 1,...,T and consumption stream z~' = (zg, ..., z_1) € Z*, let HZ"|' =
{ht=' € H,_; : ht~! = (Ao, po, 20, s As_1, Pt—1, 2¢-1) for some Ag, po, ..., Ar_1,p;_1} denote the
set of histories that give rise to consumption stream z*~'; and let H¥ ' (A;) := H", NH,_;(A,).

F.2 Representations

We define the consumption dependent versions of our representations by extending the S-based
representations introduced in Section A. Equivalent analogs of the Q2-based representations from
the main text can be defined, but are omitted to save space.

Definition 14. A consumption-dependent DREU (CDREU) representation of p consists of
tuples (807 Ho, {U807 TSO}SOESO)? (St) {/LtSt_th_l}stflestfl,z,FlEZa {Usm Tst}stesz)lgtST such that for
allt=0,...,T, we have:

CDREUL1: For all s, 1 € S, and 21 € Z, (Sy, py" """ {Us,, Ts, }sses,) is an REU form



on X, such that’!

(a) U, # Uy for any distinct s, s; € supp (™" );
(b) supp (") N supp(p; 1% ") = @ for any distinct pairs (s;_1,2¢-1), (8, 1,211 );

(C) Ust 1€St-1,2t-1€Z Supp 'U':t v St‘
CDREU2: For all p;, A;, and h'™" = (A, p, 20)it € Hi1(Ar),%?

t 12—
Z(So,...,st)ESQX...XSt k=0 /“sz b 1(Sk)T3k(pk7Ak)

pt(ptaAt“htil) = -1  Sk—_1,2k— :
Z(SO,...,Stfl)GSQX...><St71 ZZO 'uk;k o 1(Sk)Tsk(pk7Ak)

A consumption-dependent evolving utility representation of p is a CDREU representation
such that for all t = 0,...,7T, we additionally have:
CEVU: For all s, € S, there exists u,, € R? such that for all z; € Z, A;;1 € A,41, we have

Ust (Zta At+1) = ust(zt) + ‘/:%,Zt (At+1)7

where ‘/Styzt (At+1) = Zst_,_l uiil (st+1> MmaXp, 1 €A141 U5t+1 (thrl) for ¢ <T-1and V:?T,ZT =0.
An active learning representation is a consumption-dependent evolving-utility representation
such that additionally:
CGL: There exists 6 € (0,1) such that for all t =0,...,7 — 1 and s;, z; € S;, we have®

St,2t
Us, 5 E Mg St-l-l Usyyq-

St+1

F.3 Characterization
F.3.1 Consumption-Dependent DREU

Consumption-dependent DREU is equivalent to natural analogs of Axioms 1-4 used to charac-
terize DREU. The only difference is that in defining contraction equivalence, linear equivalence,
the extended version of p, and convergence of histories, we need to restrict attention to histories
whose sequences of realized consumptions coincide.

Given h'™! = (Ag, po, 20, -y A1, De-1, 2-1) € Hy_q, let (W'}, (A}, P}, 2;)) denote the se-
quence of the form (Ag, po, 20, -y Agy Dhs Zhs -y At—1, Pe—1, 2e-1)."4 We say that gt~! € H;_ is
contraction equivalent to h'=! if for some k, we have g'~* = (h'!, (B, pk, 21.)), where Ay C By
and pg(pr, Ax|h* 1) = pr(pe, Be[h¥71). We say that a finite set of histories H*"! C H,_; is
linearly equivalent to hi=t if

]Htil = {(]ht__kl, ()\Ak + (1 — )\)Bk, )\pk + (1 — )\)qk, Zk)) 1qQi € Bk}

51For t = 0, we abuse notation by letting u;"~"**~" denote pq for all s; 1,2 1.

52For t = 0, we again abuse notation by letting p;(-|h?~!) denote po(-) for all h*=1.

53Note that subject to multiplying U,, and u,, by 7~ for each t and s;, this yields the representation in
equation (8) in the main text.

In general this is not a history in H;_q, but it is if (25-1, A4}) € supppr—1 and (zx, Ax4+1) € suppp), and
pr(ph; A JhF=1) > 0.



for some k, By, and X\ € (0,1].

Axiom 11 (Contraction History Independence*). If gt~! € H;_;(A;) is contraction equivalent
to ]ht_l S Htfl(At), then pt(',At“ht_l) = pt(',At|gt_1).

Axiom 12 (Linear History Independence*). If H*~! C H; ;(A;) is linearly equivalent to h*~! €
He-1(Ar), then py(; A h'™1) = pi (-5 A [HTH).

As before, p;(-; A;JH'!) is shorthand for

th,leht,l P(gt_l)pt('a Atlgt_l)

el AHT) o= > p(gt=1) ’
gt—lth—l

where for any gt_l = (Amﬁo, 20, - 7121#17@71, étfl)a P(gt_l) = HZ_:IO Pk(ﬁk, Ak‘gk_l)-%
Define the set of degenerate period-t histories by D, ; = {d* € H, : d' =
({ar}, ax, zk)z_:lo where g, € A(Xy) VE <t —1}.
1

Definition 15. For any t > 1, A, € A, 2=, and h*~! € H?" ', define
P (5 A = pu( AT 4 (1= N ). (29)

for some A € (0,1] and d*~! € D7}" such that Ah'~! + (1 — A\)d*~' € HZ",'(4,).%

As before, it follows from Axiom 12 that the RHS of (29) does not depend on the
specific choice of A and d*~'. Moreover, pI ' (:; 4;) coincides with py(-; A;|h'~!) whenever
h'~t € H;_;(A;). Thus, in the following we again do not distinguish between the extended and
nonextended version of p; and use p;(+; A;|h'™) to denote both.

Axiom 13 (Random Expected Utility*). For all h*~! € H,;_;, conditions (i)-(v) of Axiom 3
hold after replacing all instances of A~ with h'~!.

For any 0 < ¢t < T, we define the set Aj(h'~!) of period-t menus without ties condi-
tional on history h'~! € H;_; and the set H} of period-t histories without ties as in the
main text, replacing each instance of h and H in Definition 4 with h and H. We extend
convergence in mixture to histories in H; by requiring additionally that each history in the
sequence gives rise to the same sequence of consumptions: We write hy! —™ h, for any
h' = (Ao, po, 20y -y Aty pry 20), 07 = (AL, P8, 20, -y A7 D 2¢) € Hy such that A7 —™ Ay and
pp =™ py for each t'.

Axiom 14 (History Continuity*). For all 0 <t < T — 1, A;1, piy1, and h € Hy,

Pra1(Pesa; At—i-l“ht) € co{liTan Pr+1(Dit1; At+1’]ht’") :hb =™ ht>]}1t’n € ]H;:k}

Theorem 4. The following are equivalent:
(i). p satisfies Axioms 11-14.

(ii). p admits a CDREU representation.

55 As for the weights p(gt=!) in Section 3.1, here we again do not keep track of the probabilities py (2, A;H_l),
as these do not reveal any private information to the analyst.

56 As before, we define Ah!=! + (1 — \)d'=! := (Mg + (1 = M) {qx}, \px + (1 — )\)qk,zk)z;lo, where ht~! =
(Ak, prs 21 )j—o and d'" = ({gx}, qr, 21)j—p-



F.3.2 Consumption-Dependent Evolving Utility

Consumption-dependent evolving utility does not in general satisfy Separability, as current
consumption affects the expected utility over continuation menus through its effect on the
transition distributions p;}7". Instead, it is fully characterized by analogs of Axioms 6 and 7.
To state these, we make use of the same history dependent dominance relation as in Definition 5,
except that histories now live in the enriched space H;:

Definition 16. For each t < T and h! = (h'™!, A;, p;, 2¢) € Hy, define relation Zg¢, ~pe, and
=nt on A(X;) as follows. For any ¢, € A(X})

i). ¢ Zwe re if there exist ¢ —™ ¢ and r —™ r, such that p(3p, + 21534 +
" ! t P 2 2ty 9
{g, i }Hh) = 0 for all n;

(ii). g ~nt 7 if g Zone 7 and 7 The g
(iil). g >mnt 7 if ¢ Zone e and 7 Zne -

As before, q; 7=t r; reveals that at all states s; consistent with h' the agent prefers ¢; to
r¢. Note that since the final realized consumption z; does not reveal any additional information
about s;, =y depends only on (h'~!, A;, p;) and not on z.

We have the following analogs of Axioms 6 and 7:

Axiom 15 (DLR Menu Preference®). For all t < T — 1 and ', conditions (i)—(iv) of Axiom 6
hold after replacing all instances of h* with h’.

Axiom 16 (Sophistication*). Forallt <T—1, h' = (h'™*, A, p;, ) € Hy, and Ay C A}, €
Az (h?), the following are equivalent:

(). pe+1(Pre1; Apy|h) > 0 for some pray € Aj g N Ay
(1), (21, Apy) o (21, Aven).

A slight departure from Axiom 7 is that because both the agent’s preference over period
t 4+ 1 menus and her period ¢ + 1 choices may be influenced by her period ¢ consumption, point
(ii) of Axiom 16 only imposes a preference for A;,, over A,; when the corresponding period ¢
consumption is the consumption z; that arises under h'.

Theorem 5. Suppose that p admits a CDREU representation. The following are equivalent:
(i). p satisfies Axioms 15-16.

(ii). p admits a Consumption-Dependent Evolving Utility representation.



F.3.3 Active Learning

As with gradual learning, active learning is characterized by additional restrictions on the
agent’s preference over streams of consumption lotteries. In contrast with consumption-
dependent evolving utility, active learning restores a weak form of Separability, requiring that
the agent’s payoff to today’s consumption be independent of tomorrow’s consumption lottery
stream. This captures the idea that since consumption lottery streams only entail degenerate
future choices, today’s consumption does not have any informational value in this case and
hence yields the same payoff regardless of the future stream:

Axiom 17 (Stream Separability). For all hf, 2,2’ € Z, (¢;)i_, ., (my)i_1q € A(2),
1

1 1 1

5(2,£t+1, Ce >€T> + §(zl,mt+1, e ,mT) Nt §<Zl,€t+1, e 7£T) + E(Z,mt+1, Ce ,mT).

Additionally, active learning entails analogs of Axioms ?7?7-10 that we used to characterize
gradual learning:

Axiom 18 (Stationary Consumption Preference*). For all t < T — 1, {,m,n € A(Z), and h?,
(,n,...,n) =n (myn,...,n)if and only if (n,¢,n,....n) =p (n,m,n,...,n).

We say that £,m € A(Z) are h'-nonindifferent if ({,n,...,n) &y (m,n,...,n) for some
n e A(Z).

Axiom 19 (Constant Intertemporal Tradeoff*). If £, m are h'-nonindifferent and (.1 are gi-
nonindifferent, then for all & € [0,1] and n € AZ:

(al+(1—a)m,al + (1 —a)ym,n,...,n) ~pe (6,m,n, ..., n)

~ ~

(al 4+ (1 — )y, ol + (1 — Q)i n, ..., n) ~

Axiom 20 (Impatience*). For all t < T — 1, h!, and ¢,m,n € A(Z), if ({,n,...,n) =n
(m,n...,n), then ({,;m,n,...,n)=n (M, {,n...,n).

As before, Axioms 19 and 20 are vacuuous unless we impose Consumption Nondegeneracy:

Condition 3 (Consumption Nondegeneracy®). For all ¢ < T — 1 and h', there exist h'-
nonindifferent £, m € A(Z).

When Condition 3 is satisfied, Axioms 17-20 fully characterize the gap between
consumption-dependent evolving utility and the special case of active learning;:

Theorem 6. Suppose p admits a consumption-dependent evolving utility representation and
satisfies Condition 3. The following are equivalent:

(i). p satisfies Axioms 17-20.

(ii). p admits an active learning representation.



F.4 Proof Sketches for Theorems 4—6
F.4.1 Theorem 4

We first extend the terminology from Section A.3 to the enriched setting. Suppose that
(S {1 ™ " Yoy oy €Sy x 25 {Us, s T Yspes, ) satisfy CDREUL and CDREU2 from Defi-
nition 14 for each ¢’ < t.

Fix any state s; € S; and consumption z; € Z. We let pred(s;) denote the unique
predecessor sequence (S, 28,...,8_1,21) € So X Z X ... X S;_1 X Z, given by assump-
tions CDREU1 (b) and (c), such that sj,, € supp(p}*) for each k = 0,....,t — 1. Given
any history h* = (Ao, po, 20, - - -, At, Pr, 2t), we say that (sF,z) is consistent with h* if
Tieo Tor (PR, Ax) > 0 and z, = z; for all k = 0,...,t. A separating history for (s}, z{) is a
history h* = (B, qo, 20, - - -, Bt, ¢, 2:) € Hj such that U * (Br, qr) = {Us; } and 2, = 2 for

Sh—1%h— L
all k=0,...,t, where U .« (Br,q) :=={Us, : sx € Supppk’“ V1 and g € M(By, U, )}.57
Analogs of Lemmas 1 and 1 are readily established; in particular, any (s}, z;) € Sy x Z

admits a separating history.

Sufficiency:
The sufficiency direction of the proof proceeds as in Section ?7. Specifically, assuming that for
some t < T — 1 we have constructed (Sy, {,ut —LR- Yoy vzweSy_1x2> WUs s Tsy Fspes, )
satisfying. CDREU1 and CDREU2 for each ¢ < t, we construct
(St {157 Yesezre8ix 2> {Us 1> Toipr bseinesiy,) satisfying CDREU1 and CDREU2 as fol-
lows:

For any (s, z) € Sy x Z, we define p; 7" (-, Ait1) = pra1 (-, Apra|h(se, 20)), where b (sy, 2)
is an arbitrary separating history for (s, z;). Using Axiom 13 and Theorem 0, we then find
(St L1857 Heserz)e8x 2 {Us 1> Tsin Fsesnesiyn ) such that CDREUT holds and

Piﬁt (Pe+1, A1) = Z Mt "(5¢41) Tsit1 (P41, Argr)- (30)

St4+1€St+1

Analogous arguments as in Section 77 yield analogs of Lemma 3, showing that for any history
h* that can only arise at (s, 2;), we have p;"1" = p;11(-|h*); and of Lemma 4, showing that for
any h' = (Ao, po, 20, - - -, At, r, 2) € Hy(Ary1), we have

t Sk—1,2k—1

Z(so s1)€Sox--x Sy L Lk=0 Hi ’ (8k>T3k(Ak?pk)p:iik(pt"rl?At+1)

..... 1 1, Zh—
Z(So,.,.,st)ESOXH-XSt k=0 /‘sz b 1<8k?)7—3k(Ak7pk)

Pi+1 (pt+1, At+1|1h ) (31)

Combining (31) and (30) shows that (Si1, {1557 }se,200e8:x 2> {Usiars Tsesr Fser1eSe,1) Bls0 satisfies
CDREU2.

Necessity:
Necessity of Axioms 11-14 is established using analogous arguments to Section ?77.

5TAs usual, Uy .+ (Bo,qo) denotes Uy(Bo, qo) := {Us, : s0 € So and qo € M(Bo,Us,)}-



F.4.2 Theorem 5

We first record the following analog of Lemma 5, which admits an analogous proof. Given
h! = (', A;, pt, 2¢), we say that s; is consistent with h? if (s, z;) is consistent with h!, and
we call h' a separating history for s; if it is a separating history for (s, z;).

Lemma 18. Suppose that p admits CDREU representation. Consider any ¢t < T, h! =
(A07p07 205 - - - 7At7pt7 Zt) S Htu and qt, Tt € A(Xt)

(i). If g¢; Zne 1y, then Uy, (q;) > Us, (1) for all s, consistent with h'.

(ii). Suppose there exist g,b € A(X;) such that U, (g) > Ust(b) for all s; consistent with h’.
If Uy, (q;) > U, (1) for all s; consistent with h?, then ¢ ¢ 7.

(iii). If ' is a separating history for s;, then q; Zpe 7 if and only if Uy, (q;) > Us, (14).

Sufficiency:
We proceed by an analogous inductive argument as in Section 77. Assume that for some ¢t <
T —1, we have obtained (Sy, {MS“ ! Zt,71}(St/,173t171)65t171><z’ {Us,, . 7, }s,es,) such that CDREU1
and CDREU2 hold for each t' <t and CEVU holds for each ¢ <t — 1.

For any (s, z;) € Sy x Z, define us, € RZ and V;, ., : Aiy1 = Rby u, =0and V;, ., (A1) ==
Us, (2, Air1). Applying Axiom 15 yields the following analog of Lemma 6, with an analogous
proof. Note that because we do not impose Separability, V, ., depends on z;.

Lemma 19. For all (s, 2;), Vi, is continuous, monotone, and linear. Moreover, there exist
Ci{11,Cip1 € Apyr such that Vi, o, (Cigr) > Vs, ., (CfL ) for all (s¢, ).

Applying the “moreover” part of Lemma 19 also yields the obvious analog of Corollary C.1.

Since p admits a CDREU representation, we can obtain
(S, {1257 Yoot zoresix 2 {Us iy Tst+1}st+1egt+l) satisfying CDREU1 and CDREU2 at ¢ + 1. For
all (s¢,2) € S; x Z, define pfilt by Pt+1 "(pra1, Apr) = ZStH /’l‘fi?TSt+l(pt+17 A1)

Let s, ., denote the preference over A;;; induced by V; Using Axiom 16, an analogous
argument as for Lemma 7 shows that for all s, z;, the pair (ZZs, »,, pfjjt) satisfies AS’s Axioms 1
and 2, and an analogous argument as for Lemma 8 establishes that 7, ., satisfies AS’s Axiom
DLR 6. Given this, we proceed as in Section C.2.5 (replacing each instance of s; with an
instance of (s, %)) to obtain ay,,, > 0 and fB,,,, € R such that U,,,, = as,,,Us,, + Bs
satisfies

ty2t "

St zt At-‘rl E Mt St+1 max U5t+1 (pt-‘rl)‘
. Pe+1E€AL11
t+1

Thus, replacing U,,,, with Us,,,, we have that (Sii1, {p47 Fsezesix 2 AUsiirs Tsepn Forsr€Sier)

satisfies not only CDREU1 and CDREU2, but also CEVU, as required.

Necessity:
As in Section C.3, we first show that for all ¢ < T — 1, there exist g;,b; € A(X;) such
that Us,(g:) > U, (by) for all s, € S;, for which it is sufficient to find Cj,,,Cip1 € A
such that Vi, ., (Ci.,) > Vi, - (Ciya) for all (sq,2) € Sy x Z. As before, we let C{; =
{ge11(5041), beg1(Se41) = Se41 € Spya} where goi1(Si41), b1 (5e41) € A(Xyq1) are such that



Usii1 (gi41(5041)) > U,y (bis1(si41)). For each s;, 2, we set Aypi(se, z) = {big1(si41)} for
some S;11 € supppyy; . Then Vi, . (Cl ) > Vi, ., (A8}, 2;)) for all si, 2, 7, 2, with strict
inequality for (s, 2;) = (s}, 2;). Hence, letting Cy1 = Z(%Zt)estxz wt—le‘AtH(st,zt), we have
‘/St,zt( Ig-i-l) > VSt,Zt<Ct+l) fOl" au Sty 2t

Given this, we can proceed as in Section C.3, using part (ii) of Lemma 18 to derive Axiom 15
(i), (ii), (iv) and Axiom 16. Part (iii) of Axiom 15 is also established in an analogous manner

to Section C.3.

F.4.3 Theorem 6

We first show that when p admits a consumption dependent evolving utility (CEVU) represen-
tation, Axiom 17 is equivalent to the following form of separability over consumption lottery
streams:

Lemma 20. Suppose p admits a CEVU representation with utilities U,. Then p satisfies
Axiom 17 if and only if for all t <T —1, s, 2, 2" and (€y){_, 1, ()i € A(Z), we have

U, (2, biy1y o b)) — Us, (2 by, o b)) = Us, (2, My, oo ymyp) — U, (2, myg, ... ymey). (32)

Proof. Fix any t < T — 1. By the necessity direction of the proof of Theorem 5, there exist
g, b € A(X}) such that Us,(g:) > Us,(by) for all s, € S;. Then Lemma 18 (i)—(ii) implies that
for all h* and ¢, r, we have g; ~pt ¢ if and only if Uy, (q;) = Us,(r¢) for all s; consistent with
ht.

Then Axiom 17 holds if and only if for all ¢t < T — 1, s, z,2" and (p)f_iiq, (My)io,q €

A(Z), we have %Ust(z,ﬁtﬂ,...,éT) + %Ust(z,mHl,...,mT) = %Ust(z’,ﬁtﬂ,...,éT) +
%Ust(z’, Myt1, - .., mr), which in turn is equivalent to (32). [ |
Sufficiency:

Suppose that p admits a CEVU representation (S, {u;" "™ " Yo, 1e50 1.2 162 {Usss Usy s Ty Fsress Jo<t<T
and satisfies Condition 3 and Axioms 17-20. Steps 1 and 2 below first perform two nor-
malizations. Step 3 then proceeds in an analogous manner to the sufficiency direction of
Theorem 3.

Step 1: We first show that replacing each U, and u,, with a suitable Ust and 1, continues
to yield a CEVU representation of p which additionally satisfies

A

Ust (gta < agT) = /&st (gt) + Wst (et—i-la <o 7€T) (33)

for all s, and (¢;)I_, € A(Z), where Wy, (b4, ..., lp) = D s 157 (564 Uy iy (Gigas -5 7)
does not depend on z;.

~ To see this, fix any 27,...,27 € Z. For all sg, define (JSO = U, and g, (29) :=
Uso (20, 254+ oy 25) = Usy (25, 25, . .., z5) for all zg. For all sy, define Uy, := Us, + (us, (20) — s, (20))

and U, 1= us, + (us,(20) — Usy(20)), where (sg, 29) are the unique state-outcome pair such that
s1 € supp pu;”*. Note that replacing each Uy, with USO, ug, with dg,, Us, with Usl, and g,
with ug,, and keeping all utilities in periods ¢ > 2 the same continues to yield a CEVU rep-
resentation of p: Indeed, Us, and U, represent the same preference over A(X;) so CDREU1

and CDREU2 remain satisfied. Moreover, CEVU holds at s; because Us, and g, are obtained



from U, and us, by adding the same constant, and CEVU holds at sy because USO = U, and

3 50,20

Us, = U, + (usy(20) — Us,(20)) for all s; € supp pi” implies

Uso (20, A1) = 1y (20) + Y _ 17" (51) max U, (p1) = s (20) + Y MTO’ZO(Sl);PGaﬁ Us, (p1).

S1 S1

Then, for all zy and ()7, € A(Z), we have 3, pi*Us, (4, ..., lr) = Uy (20,1, ..., b7) —
lisy(20) = [Afso(za‘,fl,;..,éqﬂ), where the last equality follows from the fact that us,(20) =

A~

Uso(20, 27, - -+, 27) = Uso (205, 27, - -+, 27) = Usg(20, 1, - - -, br) — Usy (25, 4, - . ., £r) by Lemma 20.
Thus, for all (¢;)i_, € A(Z), we have Uy, (lo, b1, ..., lr) = s (lo) + Wy (liy1, ..., lr), where
Wao (brsrs - Up) = D e 11552 (5141) Uy, (Cigas - - -, €r) does not depend on 2y, whence (33)
holds at sg.

Next, suppose that for some ¢ > 1, we have obtained a CEVU representation of p by replacing
each Uy, us,, - .., Us,, us, with [750, Usgy - - - Ust, us, and keeping utilities in periods t +1,...,T
the same, and suppose that (33) holds for all ¥ < t. For all s; and z;, define i, (2:) =

Usi (21, 2511, - s 25) = Uy, (27, 21y, 2p). Forall s;iq, define Usroy = Usyyr + (g, (20) — s, (22))
and Us,,, = us,, + (Us,(2) — Us,(2)), where (s, 2:) are the unique state-outcome pair such

that s,11 € supp 777", Then the same argument as in the previous paragraph shows that after

replacing u,, with @,, and U, , and u,,, with Ust ., and 4, ,, we continue to have a CEVU
representation of p which now additionally satisfies (33) in period ¢. Proceeding inductively,
we obtain the desired representation.

Step 2: Next, we show that replacing each Ust and @, with a suitable U,, and i, continues

to yield a CEVU representation of p which again satisfies (33) and such that additionally

D iy, (2) =0 (34)

zeZ

holds for all s;. Indeed, let s, (z;) := us,(2¢) — s, for all s; and z;, where 75, := |—é| Y osez s, (2).
Then (34) is immediate. Inductively define Ust by INJST 1= 1y, and ﬁst(zt,AtH) = U, (2¢) +

Sty2t

Do Myt maxp, ea,yy Usyyy (Per) for all sg. To show that U, and 1y, are as required, it suffices
to prove that for all t <71 — 1 and s,

Ust - Ust - (Vst + /88t>’ (35)
where f,, = |Z["T S erermp) 2T W, (241, ..., 2r). Indeed, (35) implies that U, and

A~

Us, represent the same preference over A(X;), so that replacing each Ust and s with

Ust and U, continues to yield a CEVU representation of p. Moreover, (35) implies that
ZSM w5 (5141 Uspr (Cigas oo b)) = W, (bigr, ... r) — Bs, is independent of 2 for all s,
so that (33) continues to hold as well.

To show (35), note first that for each sy_; we have

UsTfl (ZT*D AT) = ,&/STfl (ZT*1> — Vsp_y T Z M;“Tﬁl’ZT*l (ST)( maj( aST (pT> - ’YST) =
st

prE€AT

A A

UST—I(ZT*]J AT) = Vsr—1 T ‘Z’_l Z ZM;‘Tﬁl’ZT*l(ST)aST<Z) = UST-l(’ZT*lv AT) - (P)/ST—l + ﬂST—l) ’

z2€Z sT



where the final equality holds because 157" (sp) i, (2) = Wi, _, (2) by (33). Next, assume
that (35) holds for all ¢ > ¢. By (33), we have for all s;,; that

Z Ust+1(2t+17...,ZT)

(Zt41,-27)€ZT

= ‘Z|T_(t+l) Z,&St-&-l (Zt) + |Z’ Z W5t+1 (ZH-Q? s 7ZT) = ’Z|T_t (75t+1 + 6814-1) :

Z¢41 (2zt+2,.521)

(36)

Thus,

Ust (Zta AtJrl) = Ust (zt, At+1) — Vsy — Zﬂfi? (St+1> (78t+1 + ﬁ8t+1)

St41
2 t—T St, Zt 3 _
= Uy, (26, Aty1) — v, — | Z] E 11257 (Se41) E Usyr (2t41, - 27) =
St+1 (Zt+1 ..... ZT)GZTft

Ust(zt7At+1) - (’VSt + /Bst)’

where the first equality holds by (35) applied to Us,,,, the second equality follows from (36),
and the final equality holds because (Vi (s111)Usy,s (2641, - - > 27) = We, (221, - - -, 21) by (33).
Thus, (35) holds at ¢ as well.

Step 3: Finally, we argue as in Section D.1 that the CEVU representation with utilities
Ust and s, is an active learning representation, i.e., that there exists § € (0,1) such that for
all s; and z; we have

ast - Z qujrit ~5t+1 . (37)

St+1

To see this, note first that by (33) and Condition 3, us, is nonconstant for each s,. Moreover,
for any sr_1 € Sy_1 and lr_1, 0y € A(Z), we have

Usr, (bp_1,07) = Ggp_,(br_1) + Elip(£7)|s7-1],

where Eltur(Cr)|sr-1] == >, py 7 g (fr) does not depend on zp_y by (33). Arguing
exactly as in Lemma 10, we can invoke Axiom 18 to show that E[ty|sr—;] and @, , represent
the same preference over A(Z). By (34) and because g, , is nonconstant, this implies that
there exists 05, , > 0 for each sp_; such that E|tr|sr_1] = ds,_,Us,_,- Invoking Axiom 19 and
arguing as in Lemma 11, we can show that ¢ =0y = 5 for all sp_q, 8% 4, where 6 < 1
by Axiom 20.

Next, assuming that we have established (37) for all ' > ¢, (33) implies that

ST—1

T—t

Ust_l(ftA, cee 7€T) = &st_1(£t71) + Z 5k]E[ﬂt(£t+k)’5t—1],
k=0

where Elty|s;—1] == >_,, p;" """ s, does not depend on z_; by (33). Again invoking (34),
Axioms 18-20, and similar arguments as in Lemmas 10-11, we can then show that (37) also
holds at ¢ — 1.

10



Necessity:
Suppose p admits an active learning representation. Then for each t <T — 1, s;, and ()1_, €
A(Z), we have Uy, (4, ..., 0r) = Z:_é 8fug, (€i11,). Then (32) holds, which by Lemma 20 implies
Axiom 17. Moreover, Axioms 18-20 are verified in an analogous manner to the necessity
direction of Theorem 3.

G REU on an Infinite Outcome Space

G.1 Domain and Primitive

For any set Z we denote by A(Z) the set of all simple lotteries on Z and by K(Z) the set of
all nonempty finite subsets of Z. We are given a separable metric space (X, d) of outcomes.
The space A(X) is endowed with the topology of weak convergence induced by d, which is
metrized by the Prokhorov metric 7. We denote by A := K(A(X)) the space of menus, which
is endowed with the Hausdorff topology induced by 7. Finally, A(A(X)) is endowed with the
topology of weak convergence induced by m. Convergence in these topologies is denoted by —.

We use an additional convergence notion, called convergence in mizture, on A(X) and A:
For any p € A(X) and sequence {p"},en € A(X), we write p” —™ p if there exists ¢ € A(X)
and a sequence {ay, neny With a,, — 0 such that p” = a,¢ + (1 — a,,)p for all n. Similarly, for
any p € A(X) and sequence {B"},eny C A, we write B" —™ p if there exists B € A and a
sequence {ay, bpeny with oy, — 0 such that B" = o, B + (1 — a,,){p} for all n. Finally, for any
A € A and sequence (A"),en € A, we write A" =™ A if for each p € A, there is a sequence
{B] }nen € A such that B} =™ p and A" = UpeaB) for all n.

Our primitive is a stochastic choice rule, i.e., a map p : A — A(A(X)) such that
> peaP(p;A) =1 for each A € A Forany Y C X, let A(Y):={A € A:Vpe A supp(p) C
Y} C A denote the space of all menus consisting only of lotteries with support in Y. Note that
for each A € A, there is a finite Y such that A € A(Y). We denote by p* the restriction of p
to A(Y'), which can be seen as a map from A(Y) to A(A(Y)).

G.2 REU form representation

Consider the space of vNM utilities R* over X, endowed with the product topology of the
Euclidean topologies. For any u € R¥ and p € A(X), the expected value of p under u is
u(p) = 3 ecupp(p) W@)P(x), Which we sometimes denote by u - p. For any u,u’ € R¥, we write
u ~ v if u and u’ represent the same preference on A(X). Throughout, we fix some y* € X
and let RY = {0} x R¥ "} denote the set of utility functions u in R¥ that are normalized by
u(y*) = 0. Likewise, for any Y C X such that y* € Y, we write RY := {0} x R" "},

For any A € A(Y) and u € RY, let M(A,u) = argmax,c 4 u(p). For any A € A(Y) and
p € A(X), let Ny(A,p) = {u € RY : p € M(A,u)} and let Ny (A,p) :== {u € RY : {p} =
M(A,u)}. Note that Ny ({p},p) = Ny ({p},p) = RY and that Ny(A,p) = Ny (A,p) = @ if
p g A Let N(V) = {Ny(4,p) : A € AY)and p € A(X)}, NT(Y) := {NJ(A,p) : A €
A(Y) and p € A(X)}.

We will consider both the Borel o-algebra on RY and its subalgebra F (Y') that is generated
by N(Y)UNT(Y). A finitely additive probability measure v¥ on either of these algebras is

11



called regular if v¥'(Ny(A,p)) = v¥(Ny (A, p)) for any A € A(Y) and p € A(X). Whenever
Y = X, we omit Y from the description of Ny (A, p), Ny (A, p), N(Y), NT(Y), and F(Y).

Definition 17. An REU form representation of p is a tuple (S, u, {Us, 75 }ses) such that
(i). S is a finite state space and pu is a probability measure on S such that supp(p) = S
(ii). for each s € S, the utility U, € R is nonconstant and U, & Uy for s # s

(iii). for each s € 5, the tie-breaking rule 7; is a regular finitely additive probability measure
on R¥ endowed with the Borel o-algebra

(iv). for all p e A(X) and A € A,

p(p; A) =D u(s)7(p, A),

seS

where 7,(p, A) := 7,({u € RX : p e M(M(A,U,),u)}).

G.3 Characterization

Our representation theorem for REU form representations extends the characterizations for
finite outcome spaces X in Gul and Pesendorfer (2006) and Ahn and Sarver (2013) by allowing
X to be an arbitrary separable metric space. The first four conditions of our REU axiom are
restatements of the conditions introduced by Gul and Pesendorfer (2006). The fifth condition
is a slight modification of the finiteness condition in Ahn and Sarver (2013).

Axiom 21. (Random Expected Utility)
(i
(ii

). Regularity: If A C A’, then for all p € A, p(p; A) > p(p; A").
).
(iii). Extremeness: For any A, p(extA; A) = 1.
).
).

Linearity: For any A, p € A, A € (0,1), and ¢, p(p; A) = p(Ap+ (1 =N)g; AMA+ (1= X){q}).

(iv). Mixture Continuity: p(-; A + (1 — «)A’) is continuous in « for all A, A"

Finiteness: There exists K > 0 such that for all A, there is B C A with |B| < K such that
for every p € AN B, there are sequences p” —™ p and B" —"™ B with p(p"; {p"}UB") =0
for all n.

(v

Note that because X may be infinite, continuity of each U in the representation is not
directly implied by linearity. The following additional axiom yields continuity.

Let A* denote the collection of menus without ties, i.e., the set of all A € A such that for
any p € A and any sequences p" —™ p and B" —™ A\ {p}, we have

Tim p(p"; B UA{p"}) = p(p; A).
Axiom 22 (Continuity). p: A* — A(A(X)) is continuous.

12



Theorem 7. The stochastic choice rule p on X admits an REU form representation
(S, i, {Us, Ts }ses) if and only if p satisfies Axiom 0. Furthermore, each utility U, in the repre-
sentation is continuous if and only if p additionally satisfies Axiom 22.

G.4 Proof of Theorem 0: Sufficiency
G.4.1 Outline

The proof proceeds as follows:

(i).

(iii).

(iv).

In section G.4.2, we use conditions (i)—(iv) of Axiom 0 and Theorem 2 in Gul and Pe-
sendorfer (2006) to construct, for each finite Y C X, a regular finitely additive probability
measure ¥ on F(Y) representing p*, in the sense that p¥ (p; A) = ¥ (Ny (A, p)) for all
A, p. Given the fact that each p¥ is derived from the same p, it is easy to check that the
family {F(Y), "} is Kolmogorov consistent. We can then find a regular finitely additive
probability measure v on F extending all the »¥ (and hence representing p).

. The support of v is defined by

supp(v) := (U{V € F:Visopenand v(V) = 0})6.

In section G.4.3, we use part (v) of Axiom 0 to show that supp v is finite (up to positive
affine transformation of utilities) and contains at least one non-constant utility function.
While Axiom 0 (v) is similar to the finiteness axiom in Ahn and Sarver (2013), this step
requires more work in our setting. A key technical challenge is that unlike in Ahn and
Sarver, it is not clear in our infinite outcome space setting how to normalize utilities to
ensure that N(A,p)-sets are compact. Compact sets C' have the useful property (used
repeatedly by Ahn and Sarver) that if CNsupp v = &, then v(C') = 0. Lemma 26 exploits
the geometry of N (A, p)-sets to show that this property continues to hold for N (A, p)-sets
in our setting, even though they are not compact.

In section G.4.4, we proceed in a similar way to the proof of Theorem S3 in Ahn and
Sarver (2013)(again using Lemma 26 to circumvent technical difficulties). Letting S :=
{s1,...,s.} denote the equivalence classes of nonconstant utilities in suppv, we find
separating neighborhoods Bs € F of each s such that v(Bs) > 0. We then define u(s) =

v(Bs) and 74(V) = % and show that this yields an REU form representation of p.

Finally, section G.4.5 shows that if p additionally satisfies Axiom 22, then each Uy is
continuous.

G.4.2 Construction of v

In this section, we construct a regular finitely additive probability measure v on F that repre-
sents p, i.e., such that for all A € A and p € A, we have

p(p; A) = v(N(A,p)) = v(NT(A,p))).

13



First consider any finite Y C X with y* € Y. By Axiom 0 (i)—(iv) (Regularity, Linearity,
Extremeness, and Mixture Continuity), Theorem 2 in Gul and Pesendorfer (2006) ensures that
there is a regular finitely additive probability measure ¥ on FY such that

p (s A) = v (Ny (A, p)) = v" (N} (4, p))

forall A e A(Y) and p € A.

Claim 4. For any finite Y’ D Y 3 ¢*, (v¥', F") and (v¥, FY) are Kolmogorov consistent, i.e.,
for any E € F¥, we have
VW(E xRY™Y) = vY(E). (38)

Proof. To see this, note first that the LHS of (38) is well-defined, since £ x RY">Y ¢ FY' by
Lemma 25 (iv). Note next that by Lemma 25 (iii), F is of the form (J;_, Ny (A4, pi)) "Ny (Bi, ¢;)
for some finite n and A;, B; € A(Y). Let E' be obtained from E by replacing each Ny (A;, p;)
with NyF(A;,p;). By Lemma 25 (ii), E' = U, Ny (Ci,r;) for some family {C;} C A(Y).
Moreover, since both ¥ and ©¥" are regular, we have that v¥(E) = v*(E') and v¥ (E x
RY'™Y) = VY (E' x RY'™Y). Hence, it suffices to prove that v (E' x RY"™Y) = vY(E’). For
this, it is enough to show that for any collection of sets Ni",..., N € NT(Y) := {NT(4,p) :
A€ A(Y)}, we have v¥ (U, N;7) = v (U, N;” x RY"Y). We prove this by induction. For
the base case, note that for any N*(A,p) € N7(Y), we have

v (NT(A,p) x RYY) = oV (p, A) == p(p; A) = p¥ (p; A) = v" (N (A, p)).

Suppose next that the claim is true whenever m < n. Then

m—+1 m m

(N = (N + 0 W) — (U N ) =
i=1 i=1 =1

PIUNT xR 0" (N x RYY) =0 (N NNGE) x R =
=1 =1
m—+1

W N xR,

i=1

where the second equality follows from the inductive hypothesis and the fact that N;* NN, €
N*(Y) by Lemma 25 (ii). |

Now define v on F by setting v(E) := v (projgy E) for any finite Y > y* such that
E = projgy E x R*>Y and projgy E € F¥. By Lemma 25 (iv) such a Y exists. Moreover, given
Kolmogorov consistency of the family {v" }ycx, this is well-defined. Finally, it is immediate
that v is a regular finitely additive probability measure and that v represents p.

G.4.3 Finiteness of suppv
The support of a finitely additive probability measure v is defined by

supp(v) := (U{V € F:Visopenand v(V) = O})C.

14



The next lemma invokes Axiom 0 (v) (Finiteness) to show that the support of v constructed in
the previous section contains finitely many equivalence classes of utility functions and contains
at least one nonconstant function. We use 0 to denote the unique constant utility function in
RX.

Lemma 21. Let K be as in the statement of the Finiteness Axiom and let Pref(A(X)) denote
the set of all preferences over A(X). Then

#{=e Pref(A(X)) :z is represented by some u € supp(v) \ {0}} = L,
where 1 < L < K.

Proof. We first show that L < K. If not, then we can find utilities {uy, ..., ux11} C supp(v)
such that each u; is non-constant over X and u; % u; for all 7 # j. By Lemma 13, we can find
amenu A= {p':i=1,..., K+ 1} € A such that u; € NT(A, p’) for each i. Take any B C A
with |B| < K. Then p’ ¢ B for some i.

Fix any sequences p!, —™ p' and B, —™ B. By definition, this means that there exists
r € A(X) and «,, — 0 such that p!, = a,,r + (1 — @)p’ for all n, and that for each ¢ € B there
exists By € A and f,(¢) — 0 such that B, = cp(B.(q) B, + (1 — B.(q)){q}) for all n. Now,
B and each B, are finite, and w; is linear with w; - p* > w; - ¢ for all ¢ € B. Hence, there is
N such that for all n > N, u; - p!, > u - q, for all ¢, € B,. Thus, u; € N*({p’} U B,,p")
for all n > N. But since u; € supp(v) and N*({p’} U B,,,p}) is an open set in F, the
definition of supp(v) then implies that v(NT({p!,} U B,,p%)) > 0 for all n > N. But then
p(p%; {p,} U B,) = v(NT({p,} UBy,,p,)) >0 for all n > N, contradicting Finiteness.

Next we show that L > 1. Indeed, if L = 0, then for any A € A with |A| > 2 and for
any p € A, we have (N(p,A) ~ {0}) Nsuppr = &. By Lemma 26 below, this implies that
v(N*(p,A)) = 0 for any p € A. But since v represents p, p(p; A) = v(N*(p, A)) for any p € A,
so we have 3, p(p; A) = 0, which is a contradiction. |

G.4.4 Constructing the REU representation

Let 7Z1,..., 71 denote all the preferences represented by some non-constant utility in supp(v),
where by Lemma 21 we know that L is finite and L > 1. For each ¢ = 1,..., L, pick some
u; € supp v representing =;. For any u € RY, let [u] .= {u € RY : u ~ u}. By Lemma
13, we can find A := {p1,...,pr} € A such that u; € N*(A,p;) for all i = 1,..., L. Let
By, == N*(A,p;) for all i. By construction, [u;] C B,, and B,, N B,, = @ for j # i. Moreover,
by the definition of supp(v), we have v(B,,) > 0 for each i, since B,, € F is open and
u; € By, Nsupp(v) # 2.
Let S := {uy,...,ur} and define the function x : S — [0, 1] by

p(s) = v(Bs) for each s € S.

We claim that p defines a full-support probability measure on S. For this it remains to show
that > pu(s) = 1. Since Y u(s) = >, ¥(Bs) = v(U,eq Bs), it suffices to prove the following

claim:

Lemma 22. v(|J .o Bs) = 1.

seS
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Proof. Tt suffices to prove that v(RX U,es Bs) = 0. Note that RY = U-, N(A,p;), since
A={pi,...,pr}. Thus,

N(A, p;) N N*(A Di))-

X\UB

SES

IICh

By finite additivity of v, this implies that

L
X\UB ZV (A, pi) N~ NT(A p;)) =0,
ses i=1
where the last inequality follows from regularity of v. |

Next, we define a set function 7, : F — R for each s € S by setting

v(V N By)

(V) == B

for each V' € F. Since v(B;) > 0 for all s € S, this is well-defined. Moreover, since v is a
regular finitely additive probability measure on F, so is 7.

Note that for all A € A and p € A(X), {u € RX :pec M(M(A,s),u)} = N(M(A,s),p) €
F,so 7,({u € RX : p € M(M(A,s),u)}) is well-defined. The next lemma will allow us to
complete the representation:

Lemma 23. For each s € S, A€ A, and p € A,

v(N(A,p) = Y p(s)ms({u € RN 1 p e M(M(A,s),u)}).

seS

Proof. Note first that for each s € S, supp7s \ {0} = [s]. To see that [s] C supp7s ~\ {0},
consider any u € [s] and any open V € F such that u € V. By Lemma 25 (iii), V is a finite
union of finite intersections of sets in N U AN ™. Hence, since each element of N'U N is closed
under positive affine transformations so is V. Thus, u € V implies s € V. But then VN B, € F
is open and contains s, and hence v(VNB;) > 0 since s € supp v. This proves u € supp 75\ {0}.

To see that supp 75\ {0} C [s], consider any u # 0 such that u ¢ [s]. It suffices to show that
there exists an open V' € F such that u € V and 75(V) = 0. If u = ¢’ for some s’ € S\ {s},
then V' = By is as required since By N By = @ and u € By. If there is no s € S\ {s} such that
u = s, then u ¢ supp v. But then there exists an open V' € F such that v € V and v(V) = 0,
so also 75(V') = 0.

By Lemma 27 below, this implies that 74(N (A, p)) = 7s(N(M (A, s),p)) for any A € A and
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p € A. This implies that for any A€ Aandpe A

Y ouls)m({ue RN :pe M(M(As),u)}) = Y uls)T(N(M(A, s),p))

seS seS
= Y pu(s)T(N(A,p))
seS
= Y u(N(A,p)NB,)
SES
— u(NAp) | B
seS
= v(N(A,p),
where the last equality follows from Lemma 22. [ |

For any s € S = {uy,...,ur}, we write Uy := s. We claim that (S, u, {Us, 75 }ses) is an REU
form representation of p. Indeed, by construction, U, is non-constant for all s, Uy % Uy for
any distinct s, s’ € S, and p is a full-support probability measure on S. Moreover, each 7, is a
regular finitely additive probability measure on R¥ endowed with the algebra F. By standard
arguments (cf. Rao and Rao (2012)), we can extend 7 to a regular finitely additive probability
measure on the Borel o-algebra on RX. Finally, Lemma 23 and the fact that v represents p
implies that for all A € A and p € A, we have p(p; A) = > s 1t(5)7s(p, A), as required.

G.4.5 Continuity

Finally, suppose that p additionally satisfies Axiom 22 (Continuity). We show that each U is
continuous.

Lemma 24. Suppose p is represented by the REU form (S, u, {Us, 7s}ses) and satisfies Ax-
iom 22 (Continuity). Then U, € R is continuous for all s.

Proof. Suppose for a contradiction that there exists some s’ € S, x € X, and sequence x,, — =
such that lim,, Uy (z,) # Uy (). Restricting to an appropriate subsequence of {x,,} if necessary,
we can assume that lim, Us(x,,) exists (allowing for £00) for every s € S.

Let Sy := {s € S : lim, Us(z,) < Us(x)}, S- = {s € S : lim, Us(z,) > Uy(z)}, and
So =5~ (SLUS_)={seS:lim,Us(x,) = Us(x)}. Since S is finite, there exists § > 0 and
N such that for all n > N, Us(x,) < Us(x) — 26 for all s € Sy and Us(z,,) > Us(x) 4 26 for all
s€ S_. Let p=ad, + (1 — «a)d,,, where we can choose o € (0,1) sufficiently close to 1 such
that

J(p)—0 if
Wn > N Ud(e)d < 0@ ifs € 5y (39)
>Us(p)+6 ifseS_.
Note also that
if
<Usp) ifseS_.

Since S is finite and U, is non-constant for all s € S, we can replace p with a mixture p’ that
puts large enough weight on p and small weight on an appropriate lottery ¢ to ensure that p’
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also satisfies properties (39) and (40) and additionally that for all s € S, Us(p') # Us(x). Then
there exists ' > 0 and N’ such that for all §' € Sy, either min{Uy (z,),Ug(x)} > Uy (p') + ¢ for
all n > N’ or min{Uy (z,), Uy (z)} < Uy (p') — & for all n > N'. Let Sy_ be the set of states in
Sp that satisfy the former inequality, and Sy, be the set of states in Sy that satisfy the latter
inequality.

Let m := |S|. By Lemma 13, we can find distinct lotteries {q,...,¢n} such that
M@y s qm}, Us,) = {qs,} for all s; € S. Define p; := (1 — €)p' + €¢; for each s; € S and
let A := {p1,....,pm,0,} and A, := {p1, ..., Pm, 0z, } for all n. By construction, we can choose
€ > 0 sufficiently small such that for all n > max{N, N'}:

M(A,,Us,) ={pi} = M(A,Us,) if s; € Soy
M(A,, Us,) ={p;} and M(A,Us,) = {6} ifs; € Sy
M(An,Us,) = {0,} and M(A,U,) = {p;} ifs; €5
M(A,,Us,) ={6,,} and M(A,Us,) ={d,} if s; € So_.

By Lemma 28, this implies A, A, € A* for all n > max{N, N'}. Moreover, by assumption,
there exists ' € Sy US_,say s’ = s;. If s; € S, (respectively, s; € S_), then the above implies
that for all for all n > max{N, N'}, p(p;; A,) = u(s;) > p(pi; A) = 0 (respectively, p(p;; A,) =
0 < u(si) = p(pi; A)). Either way, lim, p(p;|A,) # p(pi]A), contradicting Axiom 22. |

G.5 Proof of Theorem 0: Necessity

Suppose that p admits an REU form representation (S, i, {Us, Ts}ses). We show that p satisfies
Axiom 0. Observe first that for any finite Y C X with y* € Y, (S, 1, {Us Iy, 7s |y }ses)
constitutes an REU form representation of p¥, where U, |y denotes the restriction of U, to
Y and 7, |y is given by 7, |y (B) = 7(B x R*>Y) for any Borel set B on RY. Thus, by
Theorem S3 in Ahn and Sarver (2013), p¥ satisfies Regularity, Linearity, Extremeness, and
Mixture Continuity.

To show that p satisfies Regularity, consider any p € A C A’. Pick a finite Y C X with
y* € Y such that A, A’ € A(Y). By definition, p(p; A) = p¥(p; A) and p(p; A') = p¥ (p; A').
Hence, by Regularity for p¥', we have p(p; A) > p(p; A’), as required. Similarly, we can show
that p satisfies Linearity, Extremeness, and Mixture Continuity by using the fact that for each
finite Y, each p¥ satisfies these axioms.

To show that p satisfies Finiteness, let K := |S| and consider any A € A. For each s € 5,
pick any g, € M(A,Us), and define B := {g, : s € S}. Note that |B| < K. If B = A, then
Finiteness is trivially satisfied. If B C A, then pick any p € A~ B. We can pick a large
enough finite Y C X such that each Uy is non-constant on Y and Uy [y % Uy [y for any distinct
s,s € S. Let r € A(Y) be given by 7(y) := = for each y € Y. For each s € Y, pick any

ys € argmax,cy Uy(y). Note that Ug(ys) > Uy(r). Define B” := 2=1B + 1{y, : s € S} and
pt o= "T_lp + %r. Then B™ —™ B and p, —™ p. Moreover, for all large enough n, we have

US(”T’lqs + %ys) > Ug(p™) for each s € S. Thus, p(p"; {p"} U B"™) = 0, proving Finiteness.
Thus, p satisfies Axiom 0. Suppose next that each Uj is continuous. We show that p satisfies
Axiom 22. Consider any A € A* and sequence {A,} C A* such that A — A in the Hausdorff

topology. Suppose A = {p!,...,p™}.
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Let B.(p') denote the e-neighborhood of p’ in A(X) endowed with the Prokhorov metric.
Since A € A*, Lemma 28 implies that for each s € S, there is a unique index is € {1,...,m}
such that U,(p’) > U(p’) for all j # i,. Because each Uy is continuous and S is finite, there
exists € > 0 such that for all € < ¢, for all s, and for all ¢ € B.(p™) and ¢’ € B(p’) with j # i,
we have Ug(q) > Us(q').

Fix any ¢ < €. Since A" — A, there exists N such that for all n > N, we have A" C
UL, Be(p’) and Bc(p/) N A" # @ for all j = 1,...,m. Then by choice of ¢, the representation
implies that for alln > N and j=1,...,m

p(B(p); A = Y puls) = p(p'; A).

SES:is=]

Thus, p(; A") — p(-; A) under the topology of weak convergence on A(A(X)), as required.

G.6 Additional Lemmas for Section G
G.6.1 Properties of N(A,p) sets

Lemma 25. Fix any X’ C X with y* € X. For any collection S, we let U(S) denote the set
of all finite unions of elements of S.

(i). If E e N(X') (resp. E € NT(X')), then E€ € UNT(X")) (resp. E° € UN(X)).

(ii). If By, By € N(X') (resp. Ei, By € NT(X’)), then Ey N Ey € N(X') (resp. E1NE, €
NT(XT)).

(iii). F(X') is the set of all £ such that £ = J,., M, N N, for some finite index set L and
M, e N(X'), Ny e N*(X') for each ( € L.

(iv). F(X')is the set of all E for which there exists a finite Y C X’ with y* € Y and EY € F(Y)
such that £ = EY x R*>Y,

Proof.

@ 112 = Nk ) € M), the B = Ure gy N ({na).) €U (X i < 4
and E¢ = RY € UNT(X")) if p ¢ A. Similarly, if E = N*(A,p) T(X'), then E¢ =
Ugeapy NP 0}, @) €UWN (X)) if p € A and E° = RX e UN (X)) if p ¢ A.

(ii): If N(A1,p1), N(Asg, p2) € N(X'), then N(A1,p1) N N(Ag,p2) = N(53A4;, + %AQ, o+
+p2) € N(X’). The same argument goes through replacing all instances of N with N't.

(iii): By standard results, F(X’) can be described as follows: Let Fy(X’) denote the set
of all elements of NV (X’) UNT(X’) and their complements. Let F;(X’) denote the set of
all finite intersections of elements of Fy(X’). Then F(X') is the set of all finite unions of
elements of F;(X’). By part (i), Fo(X) = U(N(X)) UU(N(X")) is the collection of all finite
unions of elements of N(X’) and of all finite unions of elements of N *(X’). By part (ii),
Fi(X') = Fo(X) UZ(X'), where Z(X') consists of all finite unions of the form (J,., M, N N,
where M, € N(X’) and N, € N*(X') for each ¢ € L. Note that RX" € N (X') NN+ (X"), since

S
enN
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RY = Nyo({p}, p) = N ({p},p) for any p € AX). Thus, Fa(X) = U(N(X)) UU(N(X')) C
Z(X). Hence, F1(X) =7Z(X) = F(X).

(iv): Note first that for any Nx/(A,p) € N(X') (resp. N5, (A,p) € NT(X')) and any
finite Y C X’ with y* € Y and A € A(Y), we have Nx/(A,p) = Ny(4,p) x RXY (resp.
N (A, p) = NJS(A,p) x RY™Y). Now fix any F € F(X'). By part (iv), we have a finite
index set L and M, € N(X'), N, € N*(X’) for each ¢ € L such that E = |J,.;, M, N N,.
By the first sentence, we can then pick a finite Y C X’ with y* € Y such that for each ¢,
we have M, = M} x R¥Y and N, = N} x R¥™Y where M) € N(Y) and N} € N (Y).
Then E = EY x R*Y, where EY := {J,.;, M} NN} € F(Y). Conversely, if EY € F(Y),
then by part (iv), EY is of the form (J,., M} N N} € F(Y) for some finite collection of
M) e N(Y) and N} € N*(Y). Then by the first sentence, M, := M) x R¥>Y € A(X’) and
Ny = NY x RX'Y € NFH(X'), s0 BY x RX'Y = JX M, N N,) € F(X') by part (iv). n

G.6.2 Properties of regular finitely additive probability measures on F

Lemma 26. Let v be a regular finitely additive probability measure on F and suppose that
(N(p, A) \ {0}) Nsupp v = & for some A € A and p € A, where 0 denotes the unique constant
utility in R¥. Then v(NT(A,p)) = v(N(A,p)) = 0.

Proof. Since (N(A,p) ~ {0}) Nsuppv = &, we have
N(A,p) ~ {0} C (suppv)® := U{V € F:V open and v(V) = 0}.

Thus, for some possibly infinite index set I, there exists a family {V;};c;, with V; € F open
and v(V;) = 0 for each ¢ such that

N(A,p)~ {0} c Vi

il

We now show that there is a finite subset {iy,...,4,} C I such that
N(Ap) ~ {0} € Vi,
j=1

To see this, define C(A, p) := (N(A,p) N [—1,1]%) ~ {0}. Note that since [—1,1]* is compact
in RY (by Tychonoff’s theorem) and N (A, p) is closed in RX, C'(A, p) is compact in the relative
topology on RX ~ {0}. Hence, since C'(A,p) € N(A, p) ~ {0} is covered by | J._, V; and each V;
is open, it has a finite subcover U?Zl Vi,

We claim that N(A,p) ~ {0} is also covered by (Jj_, Vi,. To see this, consider any u* €
N(A,p)~ {0}. We can find a finite Y C X such that y* € Y, u* |y is not constant, N(A,p) =
Ny (A, p)xRXY ‘and foreach j =1,...,n,V;, = Vgx]RX\Y for some Vg € FY (see Lemma 25
(iv)).

Since Y is finite, there exists o > 0 small enough such that au*(y) € [-1,1] for all y € Y.
Define u € RX by u [y= au* |y and u(z) = 0 for all z € X \Y. Note that u € N(A,p): Indeed,
u* € N(A,p) = Ny(A,p) x R*Y u |y= au* |y, and Ny (A, p) is closed under positive scaling.
Moreover, u is not constant, since u* [y is not constant. Finally, u € [—1,1]%. This shows

el
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u € C(A,p). Since C(A, p) is covered by |Jj_, Vi,, there exists j such that u € V;; = VZ}/ xRXNY
But note that V;}/ is closed under positive scaling, since by Lemma 25 (iii) it is a finite union
of sets which are closed under positive scaling. Since u [y= au® [y, this implies u* € V..

The above shows that N(A,p) ~\ {0} is covered by |Jj_, Vj;, and hence so is N*(A,p). But
since v(V;;) = 0 for all j =1,...,n and v is finitely additive, it follows that v(N*(A,p)) = 0.
Moreover, by regularity of v, this implies v(N(A,p)) = 0. [ |

Lemma 27. Suppose v is a regular finitely additive probability measure on F and supp v \
{0} = [u] for some u € R*. Then for any A € A and p € A, we have v(N(A,p)) =
v(N(M(A, u),p)).

Proof. Fix any A € A and p € A.
Note first that for any g € A,

q¢ M(A,u) = v(N(A,q)) =0. (41)

Indeed, if g ¢ M(A,u), then @ = [u]NN(A,q) = (N(A,q)~{0})Nsupp r. But then Lemma 26
implies that v(N(A4,q)) = 0, as claimed.

Suppose now that p ¢ M(A,u). Then (41) implies that ¥(N(A,p)) = 0. Moreover,
N(B,p):=@if p ¢ B, so also v(N(M(A,u),p)) =0, as required.

Suppose next that p € M (A, u). Then

N(A,p) C N(M(Au),p) CNApU | N(Aq),

gEANM(Au)
so that
v(N(A,p)) < v(N(M(Au),p) <v(N(Ap)+ Y v(N(Aq) =v(N(A,p)),
qEANM (Au)

where the last equality follows from (41).  This again shows that v(N(A,p)) =
v(N(M(A,u),p)), as required. [

G.6.3 Menus without ties

Lemma 28. Suppose p is represented by the REU form (S, i, {Us, 75 }ses). Then for any A € A,
the following are equivalent:

(i). Ae A*
(ii). For each s € S, |[M(A,us)| =1
(iii). Foreachp e A, N(A,p)N{us:s€ S} = Nt(A,p)N{us:s €S}

Proof. The equivalence of (ii) and (iii) is immediate from the definitions. The proof that (i) is
equivalent to (ii) is entirely analogous to that of Lemma 14 and is thus omitted. |
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H Proof of Proposition 7

The following three subsections prove Proposition 7, that is, the equivalence between DREU,
evolving utility, gradual learning and their respective S-based analogs.

H.1 DREU

“1£” direction: Suppose p admits an  S-based DREU representation
(St L Yerre5i 1> {Usy» Ty Fsvesy )i=0....7 We will construct a DREU representation
(Qv ﬁ*v :&7 (-ﬁ;ta Ut; Wt))

Consider the space G := HtT 0 (St ]RXt) of all sequences of states and tie-breaking util-
ities. Let Q = {(so, Wo,-..,s0,Wr) € G : [[h_giy (sx) > 0}. Let F* be the restric-
tion to Q of the product 51gma—algebra of the discrete sigma-algebra on Hf,T:o S; and the
product Borel sigma-algebra on [[_,R**. For each K = ({so}, Ko, ..., {sr}, Kr) € F*,

(K =TTy m 1(st)75t(Kt) by finiteness of [[,_, Si, /i extends to a finitely additive proba—
bility measure on Q) in the natural way.

~ Let II; be the finite partition of {2 whose cells are all the cylinders C(so,...,s;) = {@w €
Q :projg,x..xs, (@) = (S0,-..,5)} Let F; be the sigma-algebra generated by II;; by definition
of Q, u(F(@)) > 0 for all @ € Q. Also, Fi(@) = Uyez, @ Fre1(@), so (Fosier © F* s
a filtration. Define U, : O — RX* by Uy(&) = U,, where projg, (w) = s;. Note that (T)
is adapted to (F,) and that U,(&) is nonconstant for each & since each Uj, is nonconstant.
Finally, if F,_1(0) = Fi—1(&') and Fy(©) # F('), then projst (@) = projg, (W) = s4—; and
projg, () = s, # s, = projg, (') for some s,_; € S;_y and s, s, € supp ;. By DREU1 (a),
this implies Uy (&) 1= U,, % Uy =: U,(&'). Thus, (F, Uy;) are simple.

Define W, : Q — RX* by W, (&) = W; where projgx, (&) = W;. Note that for all A;, a({& €

O M(ALW = 11) = X (T i (50)) 7o (W0 € R 5 M (AL W)| = 1}) = 1,

since each 7y, is regular. Thus, (Wt) satisfies part (i) of the regularity requirement for DREU.
Moreover, for any Fr(w) = C(sg,...,sr) and any sequence (B;) of Borel sets B; C RXt, the
definition of fi implies

ﬂ(ﬂ{WteBt}\C(so,..., ) HTSt (B,) :H ({WteBt}]C(so,...,st)>. (42)

Since Fr(w) = C(so, . ..,sr) implies F(&) = C (s, ..., s;) for all t < T, this shows that (1)
also satisfies parts (ii) and (iii) of the regularity requirement.
Finally, to see that (Q, F*, i, (F;, Uy, W;)) represents p, fix any h' = (Ag, po, ..., A, pt) € Hy.
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Then
AO) = i (Mgl € Q : py € MOM(Ag, U(@), Wi(@))}) =
,,,,, ety O (50,50t (Mhcod@ € 2 p € MM (Ag, Ui), W) HC (s0, 0 50) ) =

)ESoX XSt Hk OILLSk 1( )/l (nll:::o{dj € Q * Pk € M(M(Ak‘7 USk)7 Wk)}‘C(SO, -~-7St)>
Z(SO ..... St)GS()X...XSt HZ‘ZO luzk_l (Sk>7—5k <pk7 Ak)

,,,,,

where the third equality follows from the definition of /i and U, and the final equality follows
from (42). Thus, as required, we have

7 ¢ kk "(sk Top, (D> Ag _
M(C(h)l) 2o o e ou (s%)7si. (Prs Ar) — oo AJHY),

[L(C(ht_ ) Z(so ..... st-1) Hk Oluk (Sk)TSk(pk’Ak)

where the final equality holds by DREU2.

“Only if” direction: Take any DREU representation (€2, F*, yi, (F, Uy, Wy)) of p. We will
construct an S-based DREU representation (S, {/i;" " }s, 1515 {Usstt}stESt)t —0,..T

For each t, let Sy := {Fi(w) : w € Q} denote the partition generating F;, which is finite
since (F;) is simple. Each [7%, is defined to be the one-step-ahead conditional of y, i.e.,
fio(s0) 1= p(so) for all so € Sy and i7" 1 (S¢+1) = p(si41]s¢) for all s, € Sy, 5441 € Syyq. This is
well-defined since p(Fi(w)) > 0 for all w. For each s, € Sy, define Uy, := Uy(w) if w € s;; this is
well-defined as (U;) is Fi-adapted and each Us, is nonconstant since each U;(w) is nonconstant.
Finally, for any Borel set B; C RXt, define 7,(B;) := u({W; € B;}|s;). This is well-defined
since W; is F*-measurable. Moreover, because u({w € Q : |M (A, Wi(w)| = 1} =1 for all A,
and |Sy| is finite, it follows that 7, (N(As, pr)) = 7s,(NT(Ag, pt)) for all py, ie., 75, is regular.
Thus, each (Sy, ;"™ ", {Us,, T, }sses,) is an REU form on X;.

Moreover, (a) for any distinct sy, s} € supp(p;* "), we have w,w’ such that F;_j(w) = 841 =
Fioi(w') and Fy(w) = s, # Fi(w') = s,. Thus, U,, = Uy(w) 3 Uy(w') = [A]s;, since (U, Fy) is
simple. Also, since (F;) is adapted, the partition S; refines the partition S; i, so that (b) for

a(C(pe, At)|C(ht71)) =

any distinct s;_1, s}_;, we have supp(i;"") N supp(ﬂfé’l) = @. Since additionally p(s;) > 0 for
all s; € S, we have (c) U,,  cg,, Supp f;"" = S;. Thus, DREUL is satisfied.
To see that DREU2 holds, observe that for each h* = (A, po, ..., As, pr) € Hyz, we have

p(C(ht) =3, s (st (C(hY)|sr)
=3 esy st (Misolw € Q: pr € M(M(Ay, U), Wi) }Hsr)

=2 Goeer) Pl (Moo {pn € M(M (A, Us,), Wi} se)
FweQVE: st=Fi(w)

=3 sy H(s7) TTjco 1t ({pr € M (M (Ag, Us,), Wi) }si)

JweQVE: sp=Ft(w)

- Z (50,--+»8¢) Hk 0 IuSk ' (Sk) Hili;:() Tsy, (pk7 Ak)

JweQVE<t: sp= ]:k(

77777
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where the third equality follows from the fact that
from part (ii) of the regularity assumption on (W,

U,) is Fi-adapted, the fourth equality follows
, the final equality follows from the fact that

(
)

t
w), .. ( )) for all w, and the remaining

[Tieo i (sx) = 0 whenever (sg,...,s;) # (Fol
equalities hold by definition. Since p;(py; Ai|h'™1) = C(ht 1 by (3), this shows that DREU2
holds.

H.2 Evolving Utility

“If” direction: Suppose p admits an S-based evolving utility representation
(S {1y Yoo re5e 1o {Usys Usys Ty Fsresy Jio,. - Let (Q, F*, fi, (Fy, Uy, Wy)) denote the corre-

spondlng DREU representation of p obtalned in the “if” dlrectlon for DREU. In addition, define

: Q0 — RZ for each ¢ by @,(&) := u,, whenever proj s,(@w) = s;. Note that the process () is
ft—adapted. Moreover, for each w = (sg, Wo, ..., s7, Wr), we have 0T(LD) = U, = Ugy. = Ur(0)
and for each t < T — 1 and (2, Aj11)

A~

Ut(d))(zmAtH) = USt(Zt7At+1)
= ug(z)+ Y pit(sipn) max U, (pier)

Pt+1€AL11
St4+1E€St4+1

= ()(2) + E fi(se1]se) max U, (pey1)
Ptr1€AL11
St4+1€St+1

= w(@)(z) + B[ max Uy (pr) | F(@)],
Di+1E€AL41
where we let fi(si1]s¢) :== 1 (C(s0,---,81) | C(S0,-- -5 8t)).

“Only if” direction: Suppose p admits an evolving utility representation
(0, F*, o, (Fp, Upyug, We)). Let (S, {fi ™ Fsoie50 1 {Usys Tsy bsves, )i=o.... 7 denote the correspond-
ing S-based DREU representation obtained in the “only if” direction for DREU. In addition, for
each s;, define i, € RZ by i, = us(w) for any w € s;; this is well-defined as (ug) is Fi-adapted.
Reversing the argument in the previous part, we can verify that 4y, = U, for each sy and
Us, (26 Avr) = s, (22) + D2, | 1741 (Se41) Maxy, e,y Usyyy (Peg) for each s, with ¢ <7 — 1.

H.3 Gradual learning

“If” direction: Suppose p admits an S-based gradual learning representation
(St {1y ™ Yoo re50 1 WUsys Usys Ty Fsreses Oi=o,..r- Let (0, F*, i, (Fy, Uy, Gy, Wy)) denote the cor-
responding evolving utility representation obtained in the “if” direction for evolving utility. In
addition, define 5 := &. Note that for each & = (80, Wo, .., s7, W) and t < T — 1, we have
u(w) = us, = ;Z&H Pt (Se1) s,y = %E[ﬂt+1|ft(d})]. Iterating expectations, this yields
(@) = 6t TE[UT\}}( )] = 6" TE[Ur|F,(&)]. Replace U, with U] := 67U, for each ¢. By
Proposition 1, (Q F*, 0, (.7:}, Ut’ , Wt)) is still a DREU representation of p. Moreover, for each
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t <T —1, we have

~

UH@) (2, Argr) = 07 (@) (z1) + 6" B[ max Uy (peyr) |1 (@)

Pr+1E€AL+1

= E[Ur(z) | Fo(@)] + 6B max Uy, (pesa)| Ful@)].

Pir1€ALL1

Thus, (Q, F*, fL, (]:"t, (A]t', Wt), 5) is a gradual learning representation of p.

“Only if” direction: Suppose that p admits a gradual learning representation
(9, u, (F, U, W), 8). Let Ul := 6*=TU, for all t. By Proposition 1, (Q, u, (F, U}, W;)) is still a
DREU representation of p. Moreover, let u} := 6" Tu;, where u;(w) := E[Ur|Fi(w)]. By (2),
for each w, we have U (w) = Ur(w) = up(w) = uj(w) and for all t < T — 1

Ul (w)(zt, Arg1) = up(w)(z) + 6" TOE[ max  Upyy(pesa) | Fr(w)]

Di+1E€AL 1
= up(w)(z) +E[ max Uy (pen) | Fo(w)):
Pi+1E€AL+
Thus, (Q i, (.E,U{,ut,Wt)) is an evolving utility representation of p. Let

Yy

utlhty }"epresentatlon of p obtained in the “only if” direction for evolving utility. In addition,
define ¢ := 6. Then for each t <T — 1 and w with F(w) = s, we have

i, = up(w) = 0" "E[Ur| Fy(w)] =

St

Elug | Fe(w Z [l (Se41) 0

8t+1

S| =

A

77777

tation of p. |

I Proof of Proposition 1

1.1  “If” directions:

DREU: Note first that because (Uy), (ay), and () are Fi-adapted and (F, U;) are simple, (i)
and (ii) imply (Ut) is (]-"t) adapted and (]—"t, Ut) is simple. Consider any h* = (pg, Ao, ..., s, Az) €
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pOm)) = > ulFrw)n (ﬂ{pk€M<M(AkaUk)7Wk)}|}—T(W)>

Fr (w) ellr

= > JIuFw) | Fr@)n (Wi € N(M (A, Up(@)), i) }Fi(w))

Fi(w)€lls k=0

= > TT a0 Fue)) | g Far@)))it (Wi € V(M (Aw, Unl)), i) Hou(Fel)))

Fi (w)th k=0

= Y TTAaF@) | B (Ve € NM(A Un(@)), p} (@)

Fi(@)ell, k=0

= Y uFrw) (ﬂ{pk € M(M(Aw, Ux), W)} | fﬂcﬁ)) = i(C(h"),

-7:-T (U:J) GHT

where the second equality follows from regularity of (W;) and F;-adaptedness of (U;), the
third equality follows from assumptions (i) and (iii), the fourth equality from the fact that
g: is a bijection and assumption (ii), the fifth equality from the regularity of (Wt) and F-
adaptedness of (Ut), and the first and last equalities hold by definiton. Since D represents

. . . _ t (O t AT A A _ A
p, this implies p;(py, A[hP™1) = M‘(‘é%g?,)l))) = ﬂ’{éf,ﬁﬁl))) = p[C(pi, Ar) | C(hY)]. Thus, D is a

DREU representation of p as required.

Evolving utility: By the “if” direction for DREU, D is a DREU representation of p.
Moreover, by assumption (v) and since (u:), ap, (5;) are (F;)-adapted, it follows that (u;) is
(Fi)-adapted. It remains to show that (D, (i;)) satisfies (1). From assumptions (i), (iv), and
(v) it is immediate that Uy = @ip. Moreover, for all t <T — 1, and w € Q, & € g(Fy(w)), we
have

o (w )Ut(@)(zw‘ltﬂ) = Ui(w) (2, Aiy1) — Bi(w)
= wu(w)(2) — Bi(w) + E, max Urr1(pesa) | Fe(w)]

Pt+1E€AL4+1

= ag(w) (W) (2) = Eu[Brs1|Frar(w)] + aoEp max Usr1(pes1) | Fo(@)] + B, [Bry1]Fi(w)]

Pt+1€AL+1

— cofe) (@B, max Trnan) | (0]
Di+1E€AL41
where the first equality follows from (ii) and (iv), the second from (1) for (D, (u;)), the third
from (i), (ii), (iv), and (v) (and the fact g, is a bijection), and the fourth by rearranging. Thus,
(D, (1)) satisfies (1).
Gradual learning: By the “if” direction for DREU, D is a DREU representation of p.
Since § = 6 by (vi), it remains to show that (D, d) satisfies (2). For all ¢ < T}, (z, Ay41), and
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we Q, we g(Fi(w)), we have

A~

ao(wW)Us(W)(2, Apy1) + Bi(w) = Upyr(w)(2, Ary)
= B, [Ur(2)|Fiw)] + 0B, max Uppa(pran) | Fo(w)

Pt+1€AL+1

= ao(w)Ex[Ur (2)| F(@)] + EulBr|Fo(w)] + ao(w)0Ba] max  Uppr(pen) | Fu@)] + B, B | Fi(w)]

Pt+1€AL+1

A A 1 — §T—t+1
= ao(w) | Ea[Ur(2)|Fu(@)] +0Ba| max Uppi(pesr) | Fo(@)] ) + ————Eu[Br | Fi(w)],
pt+16At+1 1—96
where the first equality follows from (ii) and (iv), the second from (2) for (D, ), the third
from (i), (ii), and (iv) (and the fact ¢; is a bijection), and the final equality from (vii). Since
Bi(w) = LR [Br | Fo(w)] by (vii), this shows that (D, d) satisfies (2).

I.2 “Only if” directions:

DREU: Regularity of (Wt) and the fact that each F; is generated by a finite partition I,

is immediate from D being a DREU representation. Throughout the proof, for any ¢ and

E, = F/(w) € II,, we let Uy(E,) denote U,(w) and likewise for U; this is well-defined by

adaptedness. We construct the sequence (g, oy, 5;) inductively, dealing with the base case
= (0 and the inductive step simultaneously.

Suppose t > 0 and that we have constructed (gy, ay, By) satisfying (i)—(iii) for all ¢/ < ¢
(Eiisregard the latter assumption if t = 0). If ¢ > 0, fix any E;_; = F_1(w*) € Iy, let
By = gt,l(Et,l)A, and let Ht(Et,l) ={E, = F(w) €Iy : Fi_1(w) = E;_1} and Ht(Et 1) =
{Ey = F(w) € II; : Fiq(w) = Et—l} As in the proof of Lemma 2, we can repeatedly
apply Lemma 13 to find a separating history for F; ; = F;_i(w*), i.e., a history h'™! =
(Bo, 40, - - Bi—1,q1-1) € Hf; such that {w € Q : ¢ € M(By, Uk(w))} = Fi(w*) for all
k=0,...,t—1. By inductive hypothesis h*~! is then also a separating history for E,_;. Thus,
by Lemma 14 (and the translation to S-based DREU in Proposition 7), C(h*~") = E,_; and
C’(ht D = Et 1. If t =0, then in the following we let F;_; := €, E,_ =, I (Ei—) := o,
Ht(Et 1) == ITy, and we disregard all references to the separating history.

Enumerate IT;,(E; 1) = {E] : i = 1,...,m} with corresponding utilities U} := U;(E}) and
Ht(Et ) ={EJ:j=1,...,m} with Correspondmg utilities UJ := Ut(E]) Since (F, Uy) and
(F:,U;) are both simple we have p(E!) > 0 for all i and U} % U/ for i # i, and likewise
A(E) > 0 for all j and U7 % U} for j # j'. Note that for every j there exists a unique i(j)
such Uf 0) ~ U?. Indeed, if such an i(j) exists it is unique because all the U} represent different
preferences. And the desired i(j) exists, since otherwise by Lemma 13, we can find a menu
Bi={¢ :i=1,....,m}yU{¢} such that M(B,, U!) = {¢'} for each i and M(B,,U?) = {§}.
We can additionally assume (by replacing h'~! with an appropriate mixture if need be) that
h'=' e Hr | (B,). Since D and D both represent p, we obtain

0 = uC(4], By Era] = peldl; BiR'™) = BlC(G], B)| Eva) = p(E] | Eya) > 0,

a contradiction. Similarly, for every i, there exists a unique j(z) such that Ug @ ~ Ut. Thus,
defining ¢; : I(E;_1) — Ht(Et,l) by g.(E!) = Ei(z) yields a bijection. By construction,
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U(E}) = U (g:(E?)) for all 7, so we can find ay(E!) € Ry, and B(E!) € R such that U,(E!) =
a(ENU(g:(EY)) + B(E}). Defining a(w) = a(F(w)) and f(w) = B(Fi(w)) this yields F-
measurable maps ay, f; : Fy_1 — R such that (ii) holds for all w € E;,_;. Moreover, applying
Lemma 13 again, we can find a menu Dy = {r! : i = 1,...,n} such that M(D;,U}) = {ri}
for each i. Again, slightly perturbing the separating history h!~! for E,_; if need be, we can
assume that h'~! € H; ;(D;). Then by the representation, u(E}|F;_1) = pi(ri; Dilht™1) =
[i(g:(ED)|E,_y) for all 4, yielding (i).

To show (iii), consider any p; € A;, where we can again assume h'~! € H;‘_l(%At + %Dt).
Let Bf = {w € R* : p, € M(M(A;,U(E;)),w)}. Note that by (i), Bf = {w € R :
pr € M(M(A, Uy(g:i(ED))),w)}. Thus, p({Wy € Bi}|E}) = u(Clpy, AIE}) and a({W, €
B g:(ED) = i(C(pe, Ay)|ge(ED)). But since D and D both represent p and by choice of Dy,

) ) 1 1 .1 1
u(EZ|Et_1)u[C(pt, At)|EZ] = M[C(§pt + 57“;, §At + §Dt)|Et—1] =
1 1,1 1 _
Y + ot §At + §Dt|ht =
1 1

375 A+ Dt)lEt 1] = g (B} E)AlC (b1, Ad) o (B,

pi(

[é( Pt +

which 'implies plClpe, A)IE]] = QIC(pe, Ay)|ge(E))], since by (i) we have u(Ej|E1) =
ge(E})| Err). Thus, p({W; € Bi}|E}) = f({Ws € Bi}|g:(E})), as required.

Finally, note that the collection {I;(E: 1) : E;1 € Il;1} partitions II;, and similarly
{Ht(Et 1) E,_, e II,_ 1} partitions II,. Thus, applying the above construction for every
FE, 1 € II,_, yields a bijection ¢, : II; — f[t and F;-measurable maps a; : 2 — R,, and
Bi = © — R such that (i)—(iii) are satisfied.

Evolving utility: The “only if” part for DREU yields sequences (g, cy, 5;) such that
(i)—(iii) are satisfied. It remains to show that (iv) and (v) hold. Throughout the proof, for
any By = Fi(w) € II;, we sometimes use Ui(E}), au(Ey), Be(E:) to denote Uy(w), ap(w), B(w);
this is well-defined since Uy, oy, §; are Fi-measurable. We also let F;,_1(FE;) := F;_1(w); this is
well-defined since Fy(w) = F(w') implies F;_1(w) = Fi_1(w'), as (F;) is a filtration.

For (iv), fix any w and ¢t < T — 1. Let E;, := Fy(w) and pick any A;.1, Byy1 and z;. Then

Us(E:) (21, A1) — U(By) (2, Ber) = u(Ee)(Uy(ge(Ex)) (21, Avrr) — Uelge(Er)) (22, Bera))
=a(E) Y Bl ))[f}llax Uri1(Er) — max U (Bri)]

Et+1 Eﬁt+1

=a(E) ) (g1 (1) |90 (Er)) lmax Uipr(ge41(Ers1)) — max Ur1(9141(Eir1))]

Eii 1€l an (43)
= a;(E}) Z M(Et+1|Et)[glaX U1 (ger1(Bprn)) — max Uit1(ge1(Birn))]
Byirel t+1 t+1
= a(Ey) > M(Et+1|Et)[T}llt§>l< Uri1(ges1 (Ersr)) — max Urs1(ges1 (Eein))),

Ei11 st Fi(Eip1)=E

where the first equality holds by (ii), the second equality follows from D being an evolving
utility representation, the third equality from the fact that g, is a bijection, the fourth equality
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from (i), and the fifth equality from the fact that p(Fii1(W')|E) > 0 iff Fi(W') = E:.
At the same time, we have
Ui(Ee) (2, Aepr) — Ur(Ey) (24, Bisa)
= > p(Era| Ep)[max Upr (Epgr) — max Upp (Bt
t+1

t+1

Eypi1€llipq
= Z #(Et+1|Et)@t+1(Et+1)[glaX Ur1(gi41(Err1)) = max U1(g141(Ei1))]
Eyp1€lliq o o
= Z (B | Er)oiy1 (Brya) [fj‘laﬂf Uit 1(ges1(Birn)) — Inax U1 (g1 (Bii))],
t+ t+1

Et+1 s.t. .Ft(Et+1):Et

(44)

where the first equality follows from D being an evolving utility representation, the second
equality from (ii), and the third equality from the fact that u(Fiq(w')|E:) > 0 iff Fi(w') = Ei.
Combining (43) and (44), we have that for all A, and By,

Z M<Et+1|Et)at(Et)[I£aX Utﬂ(gtﬂ(EtH)) — hax [7t+1(gt+1(Et+1))]
Ei4q st -Ft(Et+1)=Et t+1 1
N Z M(Et“‘Et)O‘Hl(EtH)[rEa}f U (g (Biir)) — tax Us1(ge+1(Bein)))-
t+ o

Et+1 s.t. ft(Et+1)=Et

(45)

!

Since (.7:}, Ut) is simple and g; is a bijection, ﬁt+1(gt+1(Et+1)) % Ut+1(gt+1(Et+1)) for all dis-
tinct By, E), with F(Ey1) = By = F(E},;). So by Lemma 13, we can find a menu
A = {qﬂf . Fi(Eiy1) = Ei} such that for all Fyyy with F(E.) = E; we have
M (A1, Ut+1(9t+1A(Et+1)) = {g;11"}. Let Ef ) o= Fip(w) and let By = Agr {g/*}. Then
in (45), [maxa,,, Ups1(ge+1(Ee1)) — maxp,, U1 (9er1(Eer))] # 0 iff Evyy = . Hence, (45)
implies a(w) = o (Ey) = a1 (B ) = ary1(w). Since this is true for all ¢ < T —1, (iv) follows.

For (v), note that the claim for T is immediate from (i) and the fact that Ur = ug, Up = .
Next, fix any w € Q, w € g;(Fi(w), t <T — 1, and (z,{pi+1}). Then

U(w)(2,{pr1}) = w(w)(2) + B [Upa (prra) | Fe (w))]

. L (46)
= u(w)(2) + ao(W)Ea[Up 1 (pein) [ Fe(@)] + Eul B | Fe(w)],

where the first equality follows from (D, (u;)) being an evolving utility representation and the
second equality from (i), (ii), (iv) (and the fact that g; is a bijection). At the same time, we
have

U(w)(z, {pes1}) = ao(@)Ui(@) (2, {pea}) + Be(w)

. . (47)
= ap(w)in(w)(2) + ao(W)Ea U1 (pr1) | F2(@)] + Bi(w),

where the first equality follows from (i) and (iv) and the second equality from (D, (4;)) being
an evolving utility representation. Combining (46) and (47) yields the desired claim.
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Gradual learning: Since p admits a gradual learning representation and satlsﬁes Condi-
tion 1, p satisfies Axiom 9. Letting a* be as in Axiom 9, we first show that 6 = = 4.

Indeed, combining the proofs of Proposition 7 (equivalence of gradual learmng and S-
based gradual learning representations) and of the necessity direction of Theorem 3, it is
easy to see that for all ¢t < T — 1, h', and ¢,y € A(X;), we have ¢, 7 7 if and only
if Uy(w)(q) > Up(w)(ry) for all w € C(h'). Fix any w € Q and h° = (Ag,po) € Hj
such that {w' : py € M(Ay,Up(w'))} = Fo(w) (which exists by Lemma 13). Then by
Lemma 14, C(h°) = Fy(w). So by Condition 1 applied to h°, we can find {,m,n € AZ
such that Up(w)(€,n, ..., n) # Uy(w)(m,n,...,n). Moreover, by Axiom 9 applied to h°, we have
Up(w)(a™l+ (1 —a*)m,a™l+(1—a*)m,n,...,n)) = Uy(w)(¢,m,n,...,n). Note that by (2) and
iterated expectations, we have Uy (€0, ..., 07) = S21_, 6*ug(w)(£¥) for any stream of consumption
lotteries, (€9,...,¢T), where ug(w) := E[Ur|Fo(w )] Hence, by the preceding observations, we
have o) () # o) () and (1-40) (0°ua(e) ) + (1 — " o) 1)) = wofe)(()+ i) ).
This implies 6 = . The same argument for D shows § = =2~ proving (vi).

Next, define U’ = 6T, U = 0T0,, u, = 6" Tuy, @ = 6" Ty, where u(w) :=
E[Ur|Fi(w)], ﬂt(d)) = [Uﬂft( )] for all w,w. By the “if” part for DREU, D' =
(Q, F*, p, (Fi, UL, W,)) and D' := (Q, F*, i1, (Fe, Ut,Wt)) are still DREU representations of p.
Moreover, by (2), for each w, we have U} (w) = Ur(w) = ur(w) = wp(w) and for all t <7 — 1

Uy (w) (21, Arr) = up(w)(ze) + 07" OE[ max  Uppa(pes1) | Felw)]

Pt+1€AL+1

= u;(w)(zt) + E| maji Ut+1(pt+1) | Fi(w)].

Pt4+1€AL41

~

Thus, (’, (u})) is an evolving utility representation of p and likewise for (D, (i})). By the“only
if” direction for evolving utility, there exists g, a4, 5; such that (D', (u};)) and (f)’ , (4y)) satisfy
properties (i)-(v). Then (i) and (iii) hold for D and D as well. Moreover, for any ¢, w and
& € gi(Fi(w)), we have Ul(w) = ao(w)U/(&) 4 Bi(w). But since U/ = 6" TU, and U/ = 6" 7T,
and & = 0, this implies Uy(w) = ag(w)Uy(@) + By (w), where B, := 67~'B]. Thus, g;, o, B; satisfy
(i)~(iv) for D and D.

Finally, note that by (v) for (D, (u})) and (D, (@,)), we have u}(w) = ao(w)) (@) + Bi(w) —
E[B{ 1| Ft(w)] for all t < T — 1. Equivalently, u(w) = ao(w)i (W) + Bi(w) — SE[Bi1]Fe(w)].
Combining this with the fact that u,(w) = E,[Up|Fi(w)] = ao(w)Ei[Ur]| Fi(@)] + E,[Br|Fi(w)]
and 4, () = Eu[Up| Fo(& )] yields By(w) = E[Br|Fi(w)] + 0E[By41|Fi(w)]. Then an easy inductive
= E[Br|Fi(w)], proving (vii). n

argument shows [;(w) =

J Proofs for Section 5.2

J.1 Proof of Proposition 2

(ii):>(i) Consider any ('™, Ay, py), (W', Ay, @) € Hyand prig € Apr € Aj (A1 Ay p)N
11 (A1 Ay, qi) such that Ay and Ay are atemporal, AZ | C AZ and p7, | = p? =: p.
Let Us(p) == {u(w) : w € C(W1 Aypr)} and Uy(q) = {w(w) : w € C(h™L Ay qr)}-
Note that since A;,; features no ties, Lemma 14 implies C(py1, Air1) = {w @ pi1 €
M (A1, Ui1(w))}, which since A;pq is atemporal is in turn equal to {w : p €

30



M(AZ, |, urs1(w))}. Hence, by the representation,

Pt+1(pt+1; At+1|ht_17Atapt) = ({P € M(AtZ+1aUt+1)}|C(ht_l Atapt))
> min u({p € M(AZ ) HOU ) N {ur ). (Y
Likewise,
pt+1(pt+1;At+1|ht_laAta Qt) = ({P € M(Atz+1aut+1)}|c(ht_1 At,gt))
< max u({p € ML, us)OK ) 1 {u ). ()

eUy(

Pick u € U,(p) (respectively, u' € Uy(q)) which achieve the min (respectively max) in (48) (re-
spectively, in (49)). Let {up,;, ..., uf" } = {w(w) 1w € C(h1, A, p) UC(R, Ay, qr) and p €
M(AZ, 1, w1 (w))} and let D := co{u, up,,, ..., u"; }. Note that since AZ O AZ | and since pf =
p, we have p € M(AZ,,,u). Hence, C'(h'~ 1)ﬂ{ut ~upNi{pe M(At+1,ut+1)} Ch=Y)N{uy ~
u} N [D], and likewise C(h'~1) N {ut ~u}N{pe M(AZ ,u)} = C(MY) N{u, =~ u'} N[D].
Thus,

n({p € M(AL  u ) MO (W) 0 {uw & u}) = p((D]|C(R) N {ue & u}) >
p([DC( ) N {ue ~ u'}) = p({p € M(AYy, uren) HO (') N {ue = u'}),

where the inequality holds by (ii). Combining (48), (49), and (50) yields
Pr1(Peras A [BY A ) > pea (e Aeea [ Ay, qi), as required.

(50)

(i)==(ii): We prove the contrapositive. Suppose that for some u,u’ € RZ and h'~! with
Ch=Y N {u; = u} # @ # C(h~Y) N{us ~ '}, and convex D C R? with u € D, we have

p{urer € [DIHC (W) N {ue & u}) < p({ues € [DICRT) N {ue = u'}).

Let Uy, 1 be the set of possible realizations of u;;; conditional on event C(h'™') N{w : u; ~
wor u'}. Likewise, U; be the set of possible realizations of u; conditional on event C'(h!™1).
Utility functions in these sets are all non-constant by Condition 2 (Uniformly Ranked Pair).
Denote {uf q,...,u}" } := U1 N [D] and {ay,q, ..., 01 } = Upr N [D]. Fix any p? € intA(Z).
Note that for any j = 1,...,n, @, does not belong to [co{u,u} ,...,u";}]. Thus, by Lemma
29, for each j = 1,...,n, we can find vector w/ € R? with >_w/(2) = 0 such that ], , - w’/ >
0> wul,, w/ u-wl for any i =1,...,m. For each j, we construct ¢“(j) € A(Z) such that the
vector ¢Z(j) —p? (in R?) is proportional to w’.”® Thus for each j = 1,...,nand i = 1,..,m, we
have i,y - (¢7 () = p?) > 0 = upyy - (¢7(5) = p?), u - (a”(4) — p7).

Take the lotteries p, p € AZ from Condition 2 (Uniformly Ranked Pair). Since u-(p—p) > 0
and uj,, - (p — p) > 0 for each i = 1,...,n, by setting p? = (1 — €)p? + €(p — p), we have 0 >
ul (% (5)—p?),u-(¢%(j)—p?) forany i = 1, ...,m and j = 1, ..., n. We pick e sufficiently small
so that p7 is indeed well-defined (i.e., belongs to AZ) and also @7, - (¢%(j) — $%) > 0 holds for
each j = 1,...,n. Finally, for this construction of the set of lotteries {pZ ru{q? ( ):j=1,...,n},
subject to perturbatlons of these, we can without loss require u;(¢?(j)) # w(q?(j')) for each

58Note that such a construction is possible because p? is in interior of A(Z).
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u; € U; and distinct 7, j = 1,..,n while keeping the above strict inequalities.”

Construct an atemporal menu At+1 such that AtJrl = {p?}U{d?(j) : j = 1,...,n}. Note
that since @/, - (¢%(j) — %) > 0> ul,, - (¢%(j) — p?) for any j = 1,...,n and i = 1,...,m, we
have

u(p? € M(upsr, A7) |IC (K1), u = u) = p({ues € [DIHC(W), up = w)

Let {[u}],...,[uf]} denote the collection of equivalent classes of utilities in U;, and assume
u € [u}] without loss. By Lemma 13, we construct a collection of consumption lotteries {rZ(l) :
[ =1,...,k} such that ul(rZ(1)) > ul(r?(I')) any distinct [,I' = 1,...,k and any u! € [u}]. Then

we construct an atemporal menu A; such that

AZ = Py U{? () g =1, ny U {p? +€(r? (1) —r%(1) : 1 =2,..., k}

This is well-defined if € is sufficiently small, as pZ is in interior of A(Z). M (p?, A7) NU; C [u].

Note that we required ut(qZ(j)) # uy(q?(j')) for each u; € U; and distinct 5,5 = 1,..,n
Also, for any u; € Uy, us(p? + € (r (l) —1%(1))) is non-constant in ¢. Therefore, under an
appropriate value of small €, \M (ug, AZ)| = 1 for all u; € U;. This guarantees A, € A*(hi™1)
(by Lemma 14). Since u! - ( (1) — (1)) >0>u-(¢%() —p?),u- (r?(l) — r?(1)) for each
j=1,.,n,1=1,.. k and ul € [ui],

u(p” € M(ug, AD)C(R'Y) = u({ue = u}|C(RTH).

Let p; denote the lottery in A; such that p/ = p?. Since u % u/, which implies u/(p? +
é(r?(l) — r#(1)) > u'(p?) for some [ such that v’ € [ul], there is a lottery q € A, different
from p; such that M(AZ ') = {q? } Also, |M(up1, A7) = 1 for all upyy € Upyq, and thus
Ay € ALy (B Ay p) DA (R A, o).

In case A; € A(h'™1), by mixing h'~! with an appropriate degenerate history, we choose
another history A'~! that has the property that C(hi=') = C(h~') and A, € A(h™1). We have
A7 D AZ |, but by the above observations,

Pt+1(pt+1§At+1’ilt71,At,Pt) = p{u € [D]}‘C(htfl)aut ~ u)
p({uspr € [DIYC(RTY), uy = o)
= Pt+1(pt+1; At+1|ht71; Ay, Qt>7

A

which contradicts Consumption Persistence. [ |

Lemma 29. Take any finite X and finite set of non-constant utilities {U*,..,U™} C R*. Then
for any non-constant U € R¥X, the following are equivalent:

(i). for any w € R¥ such that > w(z) =0,

Vi=1,..mU -w>0=U-w>0

(ii). U € [co{U",...,U™}]

That is, @, - (¢Z(j) — p%) > 0> ulyy - (¢Z(j) — p?),u- (¢Z(j) — p?) for any j =1,..,n and i = 1,...,m.
Note also that each u; € U; is non-constant.
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Proof. The result follows from the utilitarian aggregation theorem, e.g., Theorem 2 in Fishburn

(1984). |

J.2 Proof of Proposition 3

(ii))=>(i): Take any ¢, history h'"! and atemporal menus A; € A;(h'™!) and A, €

r (R Ay, py) such that AZ, C A7. This implies the existence of a possible realization
of period ¢ consumption utility u; = u conditional on C'(h!~!) such that u(p?) > u(¢?) for all
q? € AZ ~ {p?}. By (ii) there exists a possible realization of period ¢ + 1 consumption utility
ut41 = ' &~ u conditional on C'(h'~')N{u; = u}. Note that, for any such v/, A% ;| C A7 ensures
u'(pfy) > ' (gf,) for all ¢Z, € AZ, ~ {p”}. This implies

per1 (Perrs v |0 Avpi) > p({urr = ub O, up = w) > 0.
(i)=>(ii): Suppose for a contradiction that there is some ¢ and history h'~'such that
p({urer = w}|C(R ), up = ) = 0

for some u such that p(u; =~ u|C(h'™1)) > 0. Let ([u'],...,[u™]) denote the possible equiva-
lence classes of consumption utilities that can realize in either period ¢ or ¢t 4+ 1, and suppose
without loss that u € [u']. Note that they are all non-constant by Condition 1 (Consumption
Nondegeneracy). By applying Lemma 13 to consumption lotteries, we construct a collection
of consumption lotteries {pZ(i) : i = 1,...,m} C A(Z) such that u'(p?(:)) > u'(p?(j)) for
any distinct pair 4,7 = 1,...,m and u’ € [u']. Based on this we take an atemporal menu
A; such that AZ = {p?(i) : i = 1,...,m}. Also we construct an atemporal menu A, such
that A7, = {p“(i) : i = 1,..,m}. Let p; and p;+1 denote the lotteries in A; and A4
such that p? = pZ, = p“(1). In this construction, without loss we require the support of
each lottery in A, to contain an A,;. By construction A, € A; and Ay € A7 (Lemma
14). Note in particular that, conditional on C'(h*™Y), u; € M (A, p;) only if u; =~ u, so that
C(h=Y Ag,pe) = C(W1) N {uy &~ u} since there is no tie at A;.

In case A; € A(h'™!), by mixing h'~! with an appropriate degenerate history, we choose
another history hf~! that has the property that C(ht™1) = C'(h*~!) and A, € A(h'™1)

But R

pis1(Per1; A [C (R Ayype)) = p({uey = u}|C(RTY) up = u) = 0,

which contradicts consumption perseverance. [ |

J.3 Proof of Corollary 1

first part, “only if”’:

We consider the case m > 2 as otherwise the desired statement trivially holds with any «.
First, take any distinct pair of indices i, 7 = 1,...,m. By the consumption persistence and its
characterization (Proposition 2),

Mi; = p({ur € [u'THuo = u') = p({us € [w']}up = w?) = Mj; (51)
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(Note that by assumption both u’ and u/ arise with positive probability in period 0).

Next, take any distinct pair of indices 4,7 = 1,...,m and let D = co{u’,v/}. Note that by
assumption there is no k # 4,j such that u* € [D]. By the consumption persistence and its
characterization (Proposition 2),

M + My = p({ur € [D]}uo = u') = p({uy € [D]}|ug = w?) = Mj; + Mj;. (52)

Then we first consider the case m = 2. Since 1 = My, + Mis = May + My, we have
My; — Myy = Moy — Mys := «, which is nonnegative by the above (51). Since the Markov

chain is irreducible, My, M5 > 0, which also ensures a < 1. By setting v(u') = f{—% and
v(u?) = 22 we obtain the desired form.

To consider the case m > 3, take any distinct triple of indices i, j,k = 1,...,m and let D’ =
co{u’, v/, u*}. By assumption there is no [ # i, j, k such that u' € [D']. By the consumption
persistence and its characterization (Proposition 2),

M;; + My + My, = p({ur € [D'}Huo = u') = p({w € [D'}Huo = o) = My; + Mj; + M.

Combined with the above (52), this implies that M;;, = Mj, for any 4, j, k. Thus define §;, := M;
for each k. Here (B, > 0, because otherwise ), 21 My = 0, which implies that the Markov
chain is not irreducible. By the above (52), M;, — M;; = M;; — M,; for any 4, j, and thus
M;; — B; = M;; — B; =: o for any i, j. Since the Markov chain is irreducible, a < 1 (as otherwise
M;; =1 for any 7). We set v(u/) := lﬂ_—Ja for each w’, which leads to the desired form.
first part, “if”’:

Take any ¢ and [u], [u/] € R that correspond to possible realizations of period ¢ consumption
utilities. For any F;_q,

p({wss € [DYE 1w~ u) = a+(1—a) Y v(u)

ui €[D]
> oap({u € [DI}|Er—y,ue = u) + (L—a) > v(u)
uJ €[D]
= p({urys € [DIHE 1, u = ).
Thus p features choice persistence by Proposition 2.
Second part:
The proof follows immediately by applying Proposition 3 and thus is omitted. [ |

K Proofs for Section 6

Proof of Proposition 6. Let £ denote the support of distribution of (ng,{y})7€§x,{z}))
also the support of distribution of (¢3,¢3). Fix a function o : £ — [0, 1] such that

, which is

o(e¥,€%) € argmax, o) € (6°v2(y) + 6°¥) 4 (1 — @) (6%va(2) + 67%)

34



for each (¢¥,e%) € £. Then

Eo[max{6vy(y) + 624, 6%vy(2) + 6%e3}]
Eo[o (3, £5)(8%va(y) + 0%ey) + (1 — o(eh, €3))(8%va(2) + 6%¢3)]
= 8 (a*vy(y) + (1 — a*)va(2)) + 6°Eolo (3, €5)ef + (1 — o (e, €5))e3]

where o* := Eg[o (g4, €5)]. Note that since e5 have mean zero, §%(a*vy(y) + (1 — a*)ve(z)) is the
expected value the agent would obtain from AR if in period 2 she chooses y with probability a*
regardless of the realization of €5. This implies that the term 6*Eq|o (g}, €5)e4 + (1 — o (g}, £3))&3]
is nonnegative. At the same time,

Eo[max{§%vs(y) + 65(56 D52y 2(2) + 555%{»3})}]
> EO[U(ng’{y}) {z}))(52 2(y) + 55 z.{y}) )+ (1 — U(ng’{y}),€§x’{z})))(521}2(z) " 56?7{,2}))]
= & (o va(y) + (1 — o) y(2)) + 0Bl (Y, e2)ed + (1 — o (€Y, €3))ed)
where the equality used the i.i.d assumption on €; and e3. Therefore Eo[max{é%g(y) +
55?7{1/})’ 0%a(2) + 55§$7{Z})}] > Eo[max{d?vy(y) + 6%ey, 0%v2(2) + §%€5}]. Thus the desired claim

follows by the i.i.d assumption on €.
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