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Abstract

We argue that representations in which the agent maximizes the sum of expected
utility and a non-linear perturbation function provide a simple and tractable way to
model stochastic choice. In contrast to past work on such non-linear utility functions, we
take a revealed preference approach: We suppose that the analyst can observe the agent’s
choice probabilities from every possible menu, and show that various restrictions on the
probabilities correspond to particular forms of the perturbation function. For example we
show how to relax Luce’s ITA condition to model cases where the agent finds it harder
to discriminate between items in larger menus, and how to extend the perturbation-
function approach to model choice overload and nested decisions. We also show that these
representations correspond to a form of variational preferences (Maccheroni, Marinacci,

and Rustichini, 2006) of an ambiguity-averse agent who is uncertain about her true utility.
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1 Introduction

Deterministic theories of choice cannot accommodate the fact that observed choices in many
settings seem to be stochastic. This raises the question of the extent to which stochastic choice
can be seen as following a consistent principle that can be given a simple theoretical foundation.
A number of explanations have been proposed in the literature, each with various advantages
and drawbacks. Here we follow Harsanyi (1973b), Machina (1985), and Mattsson and Weibull
(2002) and study representations in which the agent maximizes the sum of expected utility and
a non-linear perturbation function that makes it optimal to assign positive probability to every
action

P(A) = arg max u(z)p(z) — Ca(p), (1)

where P(A) is the probability distribution of choices from the set A, u is the utility function of
the agent, and C'4 is the perturbation function. As we show, this objective function corresponds
to a game in which the agent has a form of variational preferences and so randomizes to
guard against moves by malevolent Nature. This sort of objective function is also analyzed in
van Damme (1991), Fudenberg and Levine (1995), Hart and Mas-Colell (2001), van Damme
and Weibull (2002), Hofbauer and Hopkins (2005), Hofbauer and Sandholm (2002), Benaim,
Hofbauer, and Hopkins (2009), Fudenberg and Takahashi (2011), all of which focus on the case
of repeated stochastic choice in static games.!

One interpretation of representation (1) is that agents facing a decision problem randomize
to maximize their non-EU preferences on lotteries, as in Machina (1985);? recent experimental
evidence (Agranov and Ortoleva, 2013; Dwenger, Kubler, and Weizsacker, 2013) indicates that
some people may indeed have an intrinsic preference for randomization. Another interpretation
is that stochastic choice arises due to inattention: It may be costly to take care to implement

the desired choice, so that the agent trades off the probability of errors against the cost of

'Fudenberg and Levine (1995) show that this generates a choice rule that is Hannan consistent, meaning
that its long-run average payoff is at least as good as the best response to the time average of the moves of
Nature and/or other players (Hannan, 1957).

2Formally, Machina (1985) considers a form of the menu invariant cost functions that we define below.
Cerreia-Vioglio, Dillenberger, Ortoleva, and Riella (2013) also study randomization generated by nonlinear
preferences over lotteries, but their non-EU preferences are more specific than in Machina and fall within the
class of Cerreia-Vioglio, Dillenberger, and Ortoleva (2013).



avoiding them (van Damme, 1991).?

In contrast to past work on such non-linear utility functions, we take a revealed preference
approach: we suppose that the analyst observes the agent’s choice probabilities from each
menu, and show that various restrictions on the probabilities correspond to particular forms of
the perturbation function. In particular, we relate restrictions on the perturbation function to
whether the agent’s choices satisfy various sorts of internal consistency conditions, including
regularity and stochastic transitivity (Marschak, 1959; Block and Marschak, 1960)* as well as
some new conditions that we develop here. We argue that the perturbation-function approach
provides a simple and tractable way to model stochastic choice, and that it helps us organize
the empirical evidence and evaluate how much it pushes the boundaries of “rational” behavior.

It is easy to see that the most general form of perturbation function can accommodate any
observed behavior that assigns strictly positive (albeit arbitrarily small) probability to every
choice in every menu. Moreover if all choices have positive probability in any menu, this is also

true for costs of the form

Calp) = Z ca,-(p(2)).

z€A
These additive cost functions are the starting point for our analysis. Section 3 characterizes

the invariant case, where the cost function has the form

z€A

for a cost function c¢ that is independent of both the item z and the menu A. We show that
this cost function is characterized by the acyclicity axiom, which ensures consistency of choice
probabilities across different subsets. Acyclicity implies (and in fact is strictly stronger than)
strong stochastic transitivity: If = is picked more often than y in the binary menu {z,y},
and y is picked more from the set {y, z}, then the probability that x is picked {z,z} is at

least the maximum of those two other probabilities. Here the utility function w aligns in the

3See also Weibull, Mattsson, and Voorneveld (2007) for an alternative approach in which the agent pays
costs to improve signal precision.

4Rieskamp, Busemeyer, and Mellers (2006) survey the extent to which these conditions are satisfied, and the
situations in which they are violated.



natural way with the choice probabilities: in any menu the higher utility objects are chosen with
higher probability. Invariant perturbed utility implies that choice is reqular: the probability of
choosing a particular item cannot increase when more alternatives are added to the choice set.
This is a seemingly intuitive property, but there are experimental settings where it is robustly
violated, for example those associated with the “attraction effect” (Huber, Payne, and Puto,
1982; Huber and Puto, 1983).

The most commonly used cost function is the entropy function ¢(q) = nglogq. This cost
function generates logistic choice, and so implies that the choice probabilities satisfy Luce’s ITA
condition. Acyclicity is a more revealing condition than ITA, as it captures the implications
of maximizing the sum of expected utility and any perturbation. Specific conditions on the
cost function can be used organize alternative classes of choice rules that may be useful in
applications. For instance, in section 5 we explore cost functions that weaken ITA by allowing
the odds ratios to become flatter as menus become large, which reflects the idea that it is harder
to discriminate between objects in larger menus.

We also extend invariant cost functions to model nested choice, which allows us to character-
ize nested logit, and to model the idea of choice overload; we explore these ideas in Section 8. We
also provide a revealed-preference characterization of nested logit, along with a characterization
using invariant cost functions that is arguably more tractable and easier to understand.

Acyclicity can be weakened to menu-acyclicity, which rules out only certain kinds of cy-
cles; roughly speaking this condition means that menus can be ordered by weakness, with
the probability of choosing any given item being higher in a weaker menu. Section 7 shows
that menu-acyclicity characterizes menu-invariant cost functions, where the cost term ¢ can be

specified to be independent of the menu, that is

Calp) =Y _c(p(2))

z€A

Such representations always satisfy weak stochastic transitivity: if z is picked more often than
y in a binary menu, and y is picked more from the set {y, z}, then x is picked more often from

{z,z}. They are also regular, but they need need not satisfy strong stochastic transitivity.



Menu-invariant costs are consistent with the “compromise effect” (Simonson, 1989)

P(zl{z,y}) > P(y{z,y}), Plyl{z,y, 2}) > P(z[{z,y,2})

which has been observed in many experiments.

An alternative relaxation of acyclicity is the condition that items are ordered: If x is chosen
more often than y from some menu A, then it is chosen more often from any menu that contains
them both. Section 6 shows that this axiom is equivalent to a item-invariant costs that can

depend on the menu but not on the item z

Calp) =) calp(2))

z€EA

These representations need not satisfy regularity, so they can be used to model the attraction
effect and related phenomena.

The most familiar stochastic choice model in economics is random utility (RU) (Thurstone,
1927; Harsanyi, 1973a; McFadden, 1973) which supposes that the agent’s choice maximizes a
utility function that is subject to random shocks.® As noted above, under a positivity axiom,
additive perturbed utility leads to no choice restrictions and therefore nests RU. Invariant
costs rule out some RU models, even some with i.i.d. shocks, but also allows for choice rules
that do not admit a RU representation, so the two classes of stochastic choice rules are not
nested.® Their intersection is non-empty as it includes logistic choice. We note that, in contrast
to RU, which is characterized by axioms that involve subtracting probabilities (Falmagne,
1978), or dividing them (Luce, 1959), perturbed utility is characterized by axioms that rely
only on ordinal information about the choice probabilities (what we call the ordinal stochastic
preference).

RU implies that the agent is never made worse off when items are added to a choice set, which

SHofbauer and Sandholm (2002) show that with known utility functions and a fixed menu of alternatives any
RU has a convex perturbation representation. In our setting, the analyst does not know the utility function,
and in addition we consider choices from menus of varying size. Manzini and Mariotti (forthcoming) studies
agents who only pay attention to a random subset of each menu. Their main model is a special case of RU.

SMenu-invariant and item-invariant costs do not nest RU either.



seems counterintuitive in some situations. One advantage of the perturbed utility approach that
we take here is that it can accommodate both cases where the agent prefers larger menus and
those where she does not. Of course, purely static choice data (which is what we consider
here) is not enough to reveal whether the agent prefers larger or smaller menus. Fudenberg and
Strzalecki (2013) use cost functions to address this in the special case in which choice satisfies
Luce’s ITA axiom so that choice is logistic; the results in this paper may help extend the analysis

of dynamic stochastic choice to more general choice rules.

2 Preliminaries

Let Z be a finite set of items (consequences, prizes). A menu is a nonempty subset of Z. Let
A be the set of all menus. We consider a stochastic choice rule P that maps each menu A € A
to a probability distribution on its elements. Formally, a stochastic choice rule is a mapping
P: A — A(Z) with the property that for any A € A the support of P(A) is a subset of A. For
any given A € A and z € A we write P(z|A) to denote the probability that item z is chosen
from the menu A.

We will maintain the following positivity assumption throughout the paper.
Axiom 0 (Positivity). P(z|A) is strictly positive for each A and z € A.

As noted by McFadden (1973), a zero probability is empirically indistinguishable from a
positive but small probability. In dynamic settings, positivity can also be motivated by the
fact that no deterministic rule can be Hannan (or “universally”) consistent (Hannan, 1957;
Blackwell, 1956).

The first, most general, representation is a useful starting point for the analysis, though as
it imposes no restrictions at all it has no effective behavioral content. We say that a function

cis a cost function if ¢: (0,1) — R is C, strictly convex, and lim,_ c'(q) = —cc.

Definition 1 (Additive Perturbed Utility). A stochastic choice rule P has an additive

perturbed utility (APU) representation if and only if there exists a utility function v : Z — R



and a collection of cost functions c, 4 for each z, A, such that for all A

P(A) = arg max u(z)p(z) — cza(p(2)). (2)
PEA(A)
z€A
Note that this definition requires that the chosen probability distribution is the unique
maximizer of the objective function, i.e. the argmax is assumed to be a single point.
Under positivity, APU does not restrict choice behavior.” To understand why, consider the

first order condition (FOC) in Lagrangian of the maximization problem (2)

u(z) — £ 4(p(2)) + A(4) = 0, (3)

where A(A) is the multiplier associated with the constraint ) _,p(2) = 1. To see how these
conditions can be satisfied, set all of the utilities identically equal to 0, and choose convex cost
functions such that ¢, ,(P(z]A)) = 0. Then the the first order conditions (3) for the agent’s
maximization are all satisfied with Lagrange multipliers A\(A) of 0.

Kalai, Rubinstein, and Spiegler (2002) show that in the context of deterministic choice any
data set can be rationalized by a menu-dependent objective function. The result above shows
that in the context of purely stochastic choice a similar conclusion follows.

We now define the ordinal stochastic preference associated with each stochastic choice rule;

it will play an important role in our analysis.

Definition 2 (Ordinal Stochastic Preference). Let D := {(z,A) € Z x A: z € A}. For
((z,A), (y,B)) € DxD
(z, A) Z (y, B) iff P(z[A) > P(y|B).

By definition, the relation - is complete and transitive (since it has a numerical represen-
tation); we denote its strict part by >=. This relation contains all the ordinal information about

the stochastic choice rule. To relate the observed choice probabilities to the form of the cost

"For this reason, allowing for menu dependent utility would provide no additional generality, nor would
dropping the restriction to convex cost functions.

8The cost functions can be taken to be convex because for each zand A choice data only restricts ¢, 4 at the
single point P(z|A).



function, we will impose various sorts of independence conditions on 7~. Thus, our axioms
depend only on the ordinal information about the stochastic choice. An example of an axiom

that relies on ordinal information only is regularity.

Definition 3 (Regularity). P satisfies regularity if and only if P(x|B) < P(z|A) Vx € A C B.

In Proposition 10 we show that regularity is a necessary condition for menu-invariant APU
(and hence invariant APU), but it is not an implication of item-invariant APU. Moreover,
regularity is not sufficient for any of them.

Our necessary and sufficient conditions resemble those used in work on multiattribute deci-
sion theory, but differ in a few key ways: the set D does not have a product structure, and the
data needs to fit the restriction ) _, P(2|A) = 1, which leads to some restrictions on 77 which

we will point out in various places below.

Definition 4 (Random Utility). A stochastic choice rule P has a random utility (RU)
representation if and only if there exists a utility function u : Z — R and a random variable
¢ € RZ such that

P(z]A) = Prob{u(z) + €, > r&aj(u(y) +e} >0 (4)

foreach A€ Aand z € A.°
Perhaps the most familiar RU is logit /logistic choice, which is given by
P(2|A) = exp(u(2)/n)/ > _ exp(u(')/n).
Z'€A

As is well known, this corresponds to a RU where the shocks ¢ are i.i.d. Gumbel with variance
7; it also corresponds to additive perturbed utility with cost ¢(p) = nplogp. As Luce (1959)
showed, logit choice is characterized by Axiom 0 (positivity) and the "IIA” condition that
P(z|A)/P('|A) = P(z|B)/P(|B) for all z,2', A, B with z,2/ € AN B.

The entropy function is an example of what we call an nwvariant cost function, as ¢ does

9We include positivity as part of the definition of random utility because we will maintain the positivity
assumption throughout this paper. A sufficient condition for positivity is that ¢ has full support on RZ.

0Echenique, Saito, and Tserenjigmid (2013) generalize the Luce model by incorporating the agent’s percep-
tion priority over items; the agent perceives items sequentially by the priority order, and chooses each item
stochastically.



not depend on z or A. Another class of invariant cost functions is the logarithmic form used
by Harsanyi (1973b) ¢(q) = —nlog(q), where n > 0. As the example below shows, some
invariant APU is not consistent with any RU, even those with correlated or non-identical
shocks. Conversely, we show in Example 5 that some RU with i.i.d. shocks do not correspond

to an invariant APU.

Example 1. If |Z| = 3, then any choice rule that satisfies regularity has a RU representation
(Block and Marschak, 1960), so any menu independent APU has a RU representation (see
Proposition 10). When |Z| > 3 regularity does not characterize RU. For example if Z =
{w, z,y, z}, then the following supermodularity condition is a necessary consequence of RU

(Block and Marschak, 1960).
Plw{w,z}) + P(w{w,z,y, 2}) = Plwl{w, z,y}) + P(wl{w, z, 2}).

We now construct an invariant APU that violates this condition. Let u(w) = —1, u(x) = 3
and u(y) = u(z) = 0, and ¢(p) = —log(p). Then P(w|{w,z}) ~ 0.191, P(w|{w,z,y}) =
P(w{w,z, z}) = 0.177, and P(w|{w,z,y, z}) ~ 0.161; thus,

Pw|{w,x}) + P(w{w, z,y,2}) < P(w{w,z,y}) + P(w|{w,z, z}). A

3 Invariant Perturbations

The most commonly used perturbation functions are invariant, i.e., such that ¢ does not depend

directly on z nor on A.

Definition 5 (Invariant APU). An invariant APU has the form

POIA) = arg_max 3™ (u(2)p(z) - c(p(2)))
z€A

for some utility function v : Z — R and cost function c.

Since the first order necessary and sufficient conditions for this maximization problem are



u(z) + AM(A) — ¢(P(z]|A)) = 0, monotonicity of ¢ implies that

P(xz|A) > P(y|B) if and only if u(z) + A(4) > u(y) + A\(B). (5)

Thus, a necessary implication of invariant APU is that the ordinal stochastic preference -
introduced in Definition 2 has an additive representation: the probability of choosing an item
from a menu depends on the utility u of the item and on a function A of the menu. This

function \ measures the weakness of the menu in the following sense:

Definition 6. For any menus A and B such that AN B # () we say that A is weaker than B
if there exists z € AN B with (2, A) 2= (2, B). We denote this A Z* B.

Intuitively, menu A is weaker than B if its elements compete against z less heavily than
elements of B do. Note that if (5) holds, then the weakness relation 72* on menus is complete
and transitive and moreover it is represented by the function A. Thus, under invariant APU, the
probability of choosing an item from a menu is a function of the sum of the utility of the item
and the weakness of the menu. Section 3.1 uses this representation to characterize invariant
APU. Section 3.2 presents an alternate characterization that relies on a generalization of Luce’s

ITA axiom.

3.1 Acyclicity

Axiom 1 (Acyclicity). There does not exist a sequence of preference comparisons

(217 Al) r>\_/ (Z17 A,1)7 (22) A2) i: (257 A/Q)’ SRR (ZTm Am) r>\: (Z:n? Alm)v
with at least one of them is strict, such that (z1,...,z,) is a permutation of (z],..., 2/ ), and
likewise (Ay, ..., Ay) is a permutation of (A}, ..., Al ), i.e., for each object or menu, the number

of times it occurs on the left hand side is the same as on the right hand side.

Acyclicity means that the utility differences between items and the weakness differences
between menus are comparable and summable. To see this, observe that the axiom can be

written as P(z|A) > P(2'|A) if there exists a sequence of inequalities of the form

10



P(z1|A1) = P(21|AY), P(22]A2) 2 P(2]43), -+, Pzm|Am) 2 P(2,|4,,) (6)

such that )
lifr==z2
Sz =a) - el = o)) = { 1 ifr — = @
o \O if v £ 2 2
(1 itB=A
D (Ma=Bl -1z =Bh)={-1ifB=A (8)
- 0if B#AA

\
Under this condition, each of the inequalities P(z;|A4;) > P(z{|Al) can be interpreted as
saying that the utility difference between z; and z/ is greater than the weakness difference

between A; and A!.
Proposition 1. Axioms 0 and 1 are satisfied if and only if P is represented by invariant APU.

The proofs of this and all other propositions are in the Appendix. Note that invariant
APU is fully characterized by the ordinal stochastic preference =, the exact cardinal values
are inessential. The proof of necessity shows that invariant APU implies there is an additive
representation of the ordinal stochastic preference 7, and then shows this implies acyclicity.
The proof of sufficiency uses the fact that acylicity is known to be sufficient for an additive

representation of 7 (Fishburn, 1970), and then shows that additivity is sufficient for invariant

APU.

3.2 Ordinal ITA

The entropy model is characterized by ITA. We show that a generalized version of this condition

characterizes invariant APU.

Axiom 2 (Ordinal ITA). P satisfies ordinal IIA if there is a continuous monotone transfor-

11



mation f:(0,1) = R, such that

for each menu A, B and z,y € AN B.
Proposition 2. Azioms 0 and 2 are satisfied if and only if P is represented by invariant APU.

Axiom 2 requires that probabilities can be rescaled to satisfy ITA. Intuitively, invariant
APU has this property because - is additively separable in utility and weakness, so there is
a monotone transformation f such that f(P(z]A)) = e*®)e*A). The converse direction of the
proof uses the rescaling function f to explicitly construct an invariant cost function.

Ordinal ITA reduces to IIA under f(q) = ¢, which implies that the cost function is nqlog(q)
for some n > 0, and thus that cost is proportional to the negative of the entropy function. If

instead f(q) = exp(q), the cost is proportional to ¢>.

3.3 Uniqueness

Under a fixed perturbation function, the following uniqueness result about utility function

obtains.

Proposition 3. u and u' represent the same invariant APU with the same c if and only if

there exists constant o such that u = u' + .

This result holds since with a fixed perturbation cost ¢ under invariant APU, the incentive
of an agent depends only on the payoff differences u(z) — u(y) between items in the menu, so
adding constant « to a utility function is irrelevant to his behavior. On the other hand, any
other transformation of utility would affect his behavior, because it will change the strengths
of utilities u relative to the perturbation c.

Moreover, under a richness condition that requires Z be infinite!!, we can show that ¢ and ¢
represent the same invariant APU with the same wu iff there exist constants a and b such that

c(q) = ¢(q) + at + b for all ¢ € (0,1).

' The axiomatization of invariant APU in Proposition 2 holds also for infinite Z. On the other hand,the
axiomatization in Proposition 1 requires Z to be finite.

12



4 Perturbed Utility as a Variational Preference

In this section we show that invariant APU corresponds to variational preferences (Maccheroni,
Marinacci, and Rustichini, 2006) in a non-Bayesian model where an ambiguity-averse agent is
faced with uncertainty about her true utility.!? It can be also seen as a form of robustness
against model misspecification, as in Hansen and Sargent (2008).

Suppose that when the agent chooses x she receives total utility u(x) + €., where u(zx) is a
baseline utility that she knows, and ¢, is an uncertain taste shock. For each menu A the agent

solves

max min Zp )+ €] + P(e), (9)

PEA(A 56R‘A|

where ® is convex and . The interpretation of this objective function is analogous to that of
the smooth variational preferences of Maccheroni, Marinacci, and Rustichini (2006): The agent
worries that after she chooses x Nature may choose € that leads to low utility of x; the function
® models the idea that the agent views some choices of € to be more plausible than others.'?
The agent has an incentive to choose non-degenerate probability distributions p, as this will
force Nature to distort the utility of many prizes, making it more costly for Nature to depart
from the baseline utility w.

To relate invariant APU to variational preferences, we specialize to the additive form ®(¢) =

erA Qb(Ea;) :

Definition 7 (Invariant Additive Variational Utility). A stochastic choice rule P has an
invariant additive variational utility (AVU) representation if and only if there exists a utility
function v : Z — R and a strictly convex and C' function ¢ : R — R such that (—1,0) C
range(¢’) C (—o0,0) and

P(A) = arg max min Y p(z)[u(z)+ €] + Z b(€x). (10)

cA(A [A|
PEA(4) ceR €A z€A

12The item-invariant and menu-invariant classes of APU discussed below correspond to more general varia-
tional preferences, where the function ¢ depends on z or A.

13Tn Maccheroni, Marinacci, and Rustichini (2006) the agent is uncertain about the probability distribution
over an objective state space. In our setting, the agent is uncertain about his true utility; thus the preferences
we consider here correspond to setting the space to be the set R!4l of possible realizations of the values of e.

13



Proposition 4. If P has an invariant AVU representation with v and ¢, then it has an invari-
ant APU representation with the same u and c(q) = max.{qe — ¢(—¢€)}. Conversely, if P has
an invariant APU representation with u and c, then it has an invariant AVU representation

with the same w and ¢(€) = max,~o{—eq — c(q)}.

The proof is based on a convex duality argument. The first direction constructs the cost
function from ¢ by setting ¢ to be the convex conjugate of the function gZ;(e) = ¢(—¢€). The
second direction constructs ¢ from the cost function ¢, by setting (/zAS be the convex conjugate of

¢ and then ¢(e) := ¢(—e).

Example 2. The AVU that corresponds to logit choice has ¢(¢) = fyexp(—g). In this case, the

optimal choice of Nature is €, = —vlog(p(z)). The AVU that corresponds to logarithmic APU

has ¢(e) = —nlog(e). In this case, the optimal choice of Nature is €, = 1%' A

5 Limited Discrimination

We now use invariant APU to model the idea that the agent has limited discrimination. Recall
that the ITA axiom (corresponding to logit choice and the entropy cost function) implies that
the choice ratio of x and y in the pairwise choice problem {z,y} is the same in as it is in the
grand set Z. If the agent has limited cognitive resources to implement her choices, we might
expect that discrimination between x and y will be harder in larger menus.'* In other words,

we expect the following axiom

Axiom 3 (Limited Discrimination). For all z,y € AN B if A" B and P(z]|A) > P(y|A),

then

This axiom means that choices from stronger menus are more uniform than choices from
weaker menus. As we show in Section 7, A C B implies A ~* B under invariant APU, so that

the axiom suggests that choice probabilities become flatter as we expand a menu. Note that

14Tn a deterministic choice setting Frick (2013) extends Luce’s (1956) model of utility discrimination to capture
the idea that items of similar utility are harder to distinguish in larger menus.

14



given the FOCs of invariant APU, we can express the choice probability ratios as

= ) 11
P(yIA) ~ @ H(uly) + A(A) -
If logd~! is convex then the right hand side of (11) is increasing in A\. As the A of the

weaker menu A is higher than that of B, Axiom 3 holds, leading to the following result.

Proposition 5. Suppose that P is an invariant APU with a utility function u and cost func-

tion c. Let h =log(cd™Y). If h is convez,'® then P satisfies Limited Discrimination.

We now strengthen limited discrimination to analyze the choice ratio of very undesirable
items. Consider a collection of menus {4,} such that z,y € A, for each n and let p, =
P(z]A,) + P(y|Ay). Proposition 5 implies that for a convex h the ratio P(z|A,)/P(y|A,) is
monotone in p,; that is, the worse the items x and y are compared to the remainder of A,,, the
flatter their choice ratio. We now investigate what happens in the limit. In order to do so, we
assume that Z is infinite, and note that our characterization in Proposition 2 holds for infinite
Z. On the one hand, it follows from regularity (and thus holds for an arbitrary /) that whenever
pn — 1, we have that P(z|A,)/P(y|A,) — P(z|{z,y})/P(y|{z,y})."® On the other hand, it
is not always true (even for h convex) that whenever p, — 0, we have P(x|A,)/P(y|A,) — 1;
for example this fails under ITA. The following result characterizes the class of h for which this

ratio does converge to 1.
Axiom 4 (Asymptotic Non-Discrimination). For any sequence A, such that x,y € A, if
P(z|A,) — 0, P(y|A,) — 0, then P(z|A,)/P(y|A,) — 1.

From formula (11), asymptotic non-discrimination can be expressed as

¢ ux) + A(An))

a(y) + MA)

For this to hold, the function h must flatten out asymptotically as its argument u(x) — A\(A,,)

becomes extremely low. This is formalized by the next proposition.

15 Alternatively, when ¢ (z y'=*) > Ac'(z) + (1 — N\)c/(y)
Y6Regularity implies that P(z|A,) < P(z|{x,y}) and likewise for y, thus when p,, — 1 we have P(z|A,) —
P(z|{z,y}) and likewise for y.

15



Proposition 6. Suppose that P is an invariant APU with a utility function u and cost func-

tion c. Let h =log(d™1).
1. If for all t the function h satisfies lims oo [h(t —s) —h(—s)] = 0, then P satisfies Azxiom 4.

2. The converse is true if there exists 6 € (0, %) such that for any q € [%, % + 0) there exist
x,y € Z that satisfy the following conditions: (i) P(xz|{z,y}) = q (ii) for all sufficiently

small p > 0 there exists A D {x,y} such that P(x|A) = p.7

Example 3. A particular class of cost functions leading to limited discrimination and asymp-
totic non-discrimination is the logarithmic form ¢(q) = —nlog(q). The function h is h(w) =

log(—2), defined on (—oo, —n), which is strictly convex. This also satisfies the condition for

Proposition 6, because h(r —t) — h(—t) = log(-=%) — 0 as t — co. As an illustration, con-
sider menus of the form A, = {z,y,...,y,} where u(z) = 1 and u(y;) = 0 for each i. Choice

probabilities under n = 1 are

1 1— P(z|A,
P(x|A,) = 5 (—n VAT n2) . P(yilA,) = %
The choice probability ratio 5&'&’;)) is decreasing in n and approaches to 1 as n — oo. A

We also have an analogous result for RU with i.i.d. noise. A cumulative distribution F' of
an R-valued random variable has a long right tail'® if for any ¢ > 0

1—
lim F(s+1)

=1.
s—oo0 1 —F(s)

Under this assumption, when the noise exceeds a high threshold, i.e., €, > s, it is also likely
that the noise is a bit higher than that, i.e., ¢, > s+t¢. When P(x|A4,) and P(y|A,) are small,
choosing x or y is mostly driven by very high realizations of €, or ¢,. Therefore, with a long
right tail, the difference in utilities u(z) and u(y) should become almost negligible. The next

proposition formalizes this intuition.

ITThis condition implies that the utility function convex-ranged, but not necessarily unbounded. It is not
implied and does not imply the richness condition in Fudenberg and Strzalecki (2013).

18See Asmussen (2003). Examples include the Pareto distribution, the log-normal distribution, and the
Weibull distribution with shape parameter less than 1.
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Proposition 7. Suppose that P has a RU representation with i.i.d. noise (€,),cz where each

€. follows distribution F. If F' has a long right tail, then P satisfies Axiom /.

6 Item-Invariant Perturbations

In this section and the next one we study two ways of generalizing invariant APU. Here we
consider a model where the cost function is allowed to depend on the menu, but is invariant

with respect to the items.

Definition 8. An item-invariant APU has the form

P(A) =arg max > (u(2)p(z) —ca(p(z)))
pEIntA(A)
z€A
for each menu A € A where v : Z — R is a utility function and c4 is a cost function for each

menu A € A.

Item-invariant APU satisfies weak stochastic transitivity; it needs not satisfy strong stochas-
tic transitivity.!? Moreover, item-invariant APU need not satisfy regularity. Since many exper-
imental studies have found violations of regularity, this representation may be a useful step in
understanding these departures.?’

One sort of item-invariant APU arises when the cost function depends on the cardinality
of the menu, perhaps because it is harder to spot the best items in a large list. A special case
of this is where the cost function is cs(p) = n4lplogp, which reduces to the usual entropy
representation of logistic choice when 1 = 1. More generally, item-dependent APU can violate
regularity whenever the marginal cost ¢4(p) is decreasing in |A|.

We now present an axiom that characterizes item-invariant APU. As with invariant APU,

the axiom depends only on the ordinal stochastic preference associated with P.

9T see this, consider a menu-dependent logit of the form P(z|A4) = exp[ny'w(2)]/> . c4explny u(z))]
and suppose u(z) > u(y) > wu(z). When ny, ;) is sufficiently large, it is possible to have P(z|[{z,z2}) <
max{P(z[{z,y}), Ply{y, 2})}, which violates strong stochastic transitivity. Also, when 7y, .} is large and
Niz,yy is small, P(y|{z,y, z}) is close to § while P(y|{z,y}) is close to 0, which violates regularity.

20Gee, for instance, Huber, Payne, and Puto (1982), Huber and Puto (1983), and Section 5 of Rieskamp,
Busemeyer, and Mellers (2006).
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Axiom 5 (Items Are Ordered).
(#,4) Z (y,A) & (#,B) Z (y, B) VA, B€ AVr,ye ANB.

Axiom 5 says that the order on items given by x 2=* y iff (z, A) 2= (y, A) for some A > z,y

is complete and transitive.?!

Proposition 8. Axioms 0 and 5 are satisfied if and only if P is represented by an item-invariant

APU.

Necessity follows immediately. To prove sufficiency, we note that items are ordered implies
that there is s a utility function u and a collection of strictly increasing functions Wy such that
P(x|A) = Wy(u(x)). We then use the functions W, to construct cost functions c4 such that
the resulting first-order conditions are satisfied by the observed probabilities.

A RU with different shock distributions for each item need not be equivalent to an item-
invariant APU. Conversely, say that a RU is symmetric if the distribution of {¢,} is exchange-
able, i.e.,. vectors (e, ..., €,) and (ex(1), .-, €x(n)) have the same distribution for any permutation
m. Observe that any symmetric RU satisfies Axiom 5; this implies that item-invariant APU

nests symmetric RU.

Example 4. An important class of RU is that of probit choice, where {¢,} follows a zero-
mean joint normal distribution; this was originally proposed by Thurstone (1927) as a model of
psychological stimuli. When the variance and covariances of {¢,} do not depend on the indices
of the items, this model becomes symmetric. We can thus construct item-invariant costs by

setting

ule) = P(a12) = [ 1eer 14000

where K, 7 = {e € R” : u(z) + €, > u(y) +¢,,Vy € Z} and ® is the joint-normal distribution

of {¢,}, and then constructing the cost functions c4 as in Proposition 8.

2L Completeness is straightforward. For transitivity, suppose that o >=* y and that y >=* z. Then there exist A
and B such that (z,A) =* (y, A) and (y, B) = (2, B); then Axiom 5 implies that (x, AU B) =* (y, AU B) and

~

(y, BUA) Z (2, BUA), which yields the conclusion by the transitivity of 7* on X.
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On the other hand, (Example 5) below shows that probit choices can generate menu cycles

so need not correspond to an invariant APU. A

RU with a distinct vector of i.i.d. shocks {€.}.c4 that follow a menu-dependent distribution
F, is analogous to item-invariant APU. This model satisfies Axiom 5, so it is nested by item-

invariant APU under positivity.

7 Menu-Invariant Perturbations

An alternative way to generalize invariant APU is to require that the cost of controlling the

probability of each item may depend on the item, but it’s invariant with respect to the menu.

Definition 9 (Menu-invariant APU). A menu-invariant APU has the form

P(A) = arg max (u(z)p(z) — c2(p(2))),

such that v : Z — R is an utility function and ¢, is a cost function for each item z € Z.

Axiom 6 (Menu Acyclicity). There does not exist a sequence of preference comparisons of

the form

(ZI7A1) ,->\__, (zla AQ)? (Z27 AQ) r>\_.1 (Z27 AS) ceey (Zm7 Am) ,->\__; (Zm7 Al)
where at least one of them is strict.

Proposition 9. Azioms 0 and 6 are satisfied if and only if P is represented by a menu-invariant

APU.

The result that menu-invariant APU rules out “menu cycles” is straightforward from the
first-order conditions P(z|A) = ¢ *(u(z) + A(A)) and the strict convexity of each c,. To show
that Axiom 6 implies invariant APU we first use a result of Clark (1990) to conclude that
Menu Acyclicity implies that the weakness order on menus can be represented by a function
A: A — R. We then use a similar construction as in the proof of Proposition 8 to construct

a utility function u and cost functions ¢, so that the first-order conditions are necessary and
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sufficient for maximization and are satisfied at the observed choices.??

Note that the utility function u in a menu-invariant representation is not unique. That is,
if P is defined by some u and {c,},cz, then for any utility function «’ there exist cost functions
{c.}.cz such that choice data are rationalized by (u/, {c.}.cz).

Note also that menu acyclicity is stronger than the following “menus are ordered” condition,

whose form parallels that of Axiom 5.

Axiom 7 (Menus are Ordered).

(2, A) % (2, B) iff (y, A) %5 (y, B) VA, B € A, Va,y € AN B.

This axiom is not sufficient for the existence of a menu-invariant APU, because it does not
imply that the weakness order 72* is transitive , as in the following stochastic choice rule on
Z =Axy, 2} P(x|Z) = P(ylZ) = P(2|Z) = 1/3, P(zl{z,y}) = P(yl{y,2}) = P(zl{z,2}) =
3/5. The reason that items are ordered is a sufficient condition for item-invariant APU’s but
menus are ordered is not enough for menu-dependent APU is that the domain X of the ordinal
preferences is not symmetric. In particular, for any three items there is a menu that contains
them all, but given three pairwise nondisjoint menus there need not be an item contained in
all of them.

We now analyze several properties of menu-invariant APU. First we show that it satisfies

regularity.
Proposition 10. Menus are Ordered implies Regularity.

Next we note that menu-invariant APU implies weak stochastic transitivity:

P(x[{z,y}) > 0.5 and P(y|{y,z}) > 0.5 imply P(x|{z,z}) > 0.5.

On the other hand, APU can violate strong stochastic transitivity, so they can also violate the

equivalent independence condition of Tversky and Russo (1969). Other violations of our ‘items

22Here we use the positivity condition to show that the constructed cost functions can be chosen to satisfy
lim,_,o ¢, (p) = —o0.
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are ordered’ axiom, such as

P(zl{z,y}) > P(y{z,y}), Plyl{z,y, 2}) > P(z[{z,y,2})

may obtain as well. This particular violation can arise from the “compromise effect.” (Simon-
son, 1989); it and other such probability reversals have been observed in many experiments.?
Though such choice reversals are excluded by item-invariant APU, menu-invariant APU allows
for them: These reversals can occur when ¢, (p) increases faster than ¢, (p), so that the increase
in menu strength from {z,y} to {x,y, 2z} reduces the choice probability of x more than that
of y.

We now turn to a comparison with random utility models. RU with a distinct vector of
independent shocks {€, }.c 4 where each ¢, follow an item-dependent distribution £, is analogous
to menu-invariant APU. Note that RU with item-dependent shocks satisfies the Block-Marschak
inequalities, so, as Example 2 shows, it does not nest menu-invariant APU. Also, such RU is
not nested by menu-invariant APU: as the following example shows even some RU with i.i.d.

shocks is ruled out.

Example 5. Let Z = {x1,22,y1,%2,y3}. Let the utility function be u(x1) = u(z2) = w and
u(yr) = u(y2) = u(ys) = 0. Let A = {zy,22,y1} and B = {x1,y1, Y2, Y3, Ya, Y5, Y }. Consider
the probit model in which ¢, follows i.i.d. normal distribution N (0, 1) for each z € Z. Under

probit the choice probabilities are

P(z|A) = / T @) + e — u(z))o(e.)de.
z'€A\z
where ® and ¢ are the cumulative distribution and the density under N(0,1). Then we have
P(z1|B) =~ 0.4574 > P(x1]A) =~ 0.4526 and P(y;|A) ~ 0.0949 > P(y,|B) ~ 0.0904 when w is
near 1.13. That is, there exists a menu cycle, as B is weaker than A for z; but A is weaker than

B for y;. This implies that this choice behavior cannot be rationalized by any menu-invariant

APU. A
28ee e.g. Tversky and Simonson (1993), and Section 4 of Rieskamp, Busemeyer, and Mellers (2006).
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Finally, note that items are ordered and no menu cycles together imply that there are
functions u : Z — R and A : A — R and a function W strictly increasing in the first variable
and strictly decreasing in the second variable such that P(z|A) = W (u(z), A\(4)). However,

these conditions are too weak to imply invariant APU, as the following example demonstrates.

Example 6. There are three items Z = {z,y, z} and three menus A = {y, 2z}, B = {z,2},C =
{z,y}, with the following choice probabilities

P(x|Z) = 0475, P(y|Z) = 0.425, P(z|Z) = 0.1,
P(y|A) = 0.525, P(z|A) = 0.475,
P(z|B) = 0.575, P(z|B) = 0.425,
P(z|C) = 0.525, P(y|C) = 0.475.

Notice that there are no menu cycles (A is weaker than B is weaker than C' is weaker then 7),
and items are ranked (z is better than both y and z, y is better than z). However, suppose that

there exists an invariant APU representation (u, \). Then we have

P(z|B) = 0.575 > P(y|A) = 0.525; therefore, u(x) + A(B) > u(y) + A(A)
P(y|Z) = 0.425 > P(z|B) = 0.425; therefore, u(y) + \M(Z) > u(z) + A(B)

P(z]A) = 0.475 > P(z|Z) = 0.475; therefore, u(z) + A(A) > u(x) + A(Z).

Summing the above inequalities we obtain 0 > 0, which is a contradiction.
We can also show this by noting that the choice probabilities violate Axiom 2. First, the

axiom implies that

f(P(z]A) f(P(yl2))
f(P(2]2))

f(P(z|B)) f(P(x]Z))

, J(P(ylA) =

. (12)

holds for some strictly increasing f. Note that we have P(z|B) = P(y|Z) and P(z|Z) = P(z|A)
in Example 6, which imply f(P(z|B)) = f(P(y|Z)) and f(P(x|Z)) = f(P(z|A)). Substituting
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them into (12), it follows that f(P(z|B)) = f(P(y|A)), which rules out P(x|B) > P(y|A). A

8 Nested Choice

Now we develop a model of sequential or "nested” choice, in which the agent first picks a "nest”
and then picks an item from the nest. We develop two applications, one that replicates the
choices of the nested logit model used in empirical work (see, e.g., Train, 2009), and a second
that models the idea of ”choice overload”.?*

Let { By}, be a partition of Z; we will refer to each By, as a nest. A stochastic choice rule
P is a choice distribution over items in each menu A C Z, so that ) _, P(z|A) = 1. Given
a full-support distribution P, let P; denote the induced choice rule over nests, P;(By|A) =
> zepuna P(2|A), and let Po(-| By, A) be the observed conditional distribution of choices from
By, when the menu is A, Py(z|By, A) := P(z|A)/Pi(Bg|A).

We do not develop the most general version of nested choice here, but instead restrict
attention to a form that is sufficient for our two applications.

Let > 0 be the degree of menu-size penalty. Define C, : intA(A) — R the entropy cost

with menu-size penalty o by

Colp) =D p(2)logp(2) + alog |A].

z€A

Note that this reduces to entropy when a = 0 and relative entropy with respect to the
uniform distribution when o« = 1. As is well known, entropy costs (i.e. logit choice) implies
the agent always prefers to add an item to a menu. In contrast, the value function for menus
induced by relative entropy with respect to the uniform distribution decreases when a sufficiently

undesirable item is added.?®

Definition 10. P is called an a-nested entropy model if there exist utility function v : Z — R,

24Gul, Natenzon, and Pesendorfer (2012) introduce “attribute rules” to study the problem of nesting. Their
model is a special case of a RU with endogenous attributes.

ZFudenberg and Strzalecki (2013) provide an axiomatic foundation for the relative-entropy cost function in
a setting of recursive stochastic choice.
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constant « > 0, and positive coefficients {n; }%_,, such that for each By, z € B, and A C Z
P(z|A) = Pi(By|A)Py(z| By, A)
where

P (B1]|A), ..., Pi(Bk|A)) = B)U(ByNA) —C ,
(Pr(B1]A) 1(Bk|A)) argpeA({fgifBK})gp( 1)U (B ) o(p)

Py(By, A) = arg max Z p(2)u(z) — meCal(p)

cA(BLNA
PEA(By )zeBkmA

UBrNA) = max Y p(z)u(z) = mCa(p)

€A(BRNA
P ( k )ZGBkﬂA

and we set U(By N A) = —oo if BN A = (). In particular, P is called a nested entropy model
if a =0.

In this model, the agent first chooses a probability distribution on nests with associated
entropy cost C, and then an item from the chosen nest By, with the cost function C,, multiplied
by ni; U(By N A) is the indirect payoff from items By N A. Of course this nested procedure
corresponds to a one-stage choice with an APU where cost may depend on both item and menu;
the nested form is a convenient way to capture the idea that some goods are substitutes for
others. Note also that we could in principle generalize o -nested entropy by replacing entropy
with some other invariant APU; the main stumbling block in pursuing that route is the lack of

a closed-form solution for the value function U.

8.1 Nested Logit

The special case of @ = 0, the nested entropy model, replicates the nested-logit model used
in empirical work. This choice specification was developed in response to the “red bus/blue
problem” of Debreu (1960), who pointed out that under logit demand, adding a duplicate
item (a different color of bus) increases the probability of choosing a bus and decreased the

probabilities of all other modes of transport. With nested logit the choice probability of item
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x in nest By, takes the form?®

explu(z)/my] (ZzeBmA eXP[“@)/W])%
ZzeBkﬂA explu(z) /] Z{; (ZzeBmA exp[u(z)/m])m

where 7, > 0 is an exogenous parameter defined for each nest Bj.From Lemma 1, this model

P(z]A) =

can be represented as the nested entropy model by setting

(Xepina expluz)/m])™
S (Ciemnaexplu(z)/m)"

explu(x)/ni]
ZzeBkmA explu(z)/m]’

Pi(By|A) = Py(z|By, A) =

U(BrNA) = (10g > exp[U(Z)/nk]) :

z€EBRNA
In particular, when A\, € (0, 1] for each k, the nested-logit model is a RU where the cumu-

lative distribution of {e,}.c4 is given by

exp —Z( Z exp[—ez/)\k]>

k z€BRNA

and Ay measures the degree of independence among {€,}.cp,.%" A higher value of \; means
greater independence and less correlation. When A\; = 1 for all &, then there is no correlation

within each nest, and the model is reduced to the standard logit model.

8.2 Choice overload

Next we consider a special kind of nested model with only two nests, a "default option” B; =
{z*} and ”everything else” By. As above, we suppose that choice within the ”everything
else” nest satisfies ITA, but we will consider more general definitions of the indirect utility
that allow for the possibility that the agent is more likely to choose the default when faced
with a larger choice set. (Note that the nested entropy model of the previous section always

prefers larger choice sets: if any item is added to the ”everything else” set the probability of the

26See p.80 in Train (2009).
2TTrain (2009) allows Aj to be greater than 1. In such a case, the model can be expressed as RU for some
range of the variables but not all values.
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default decreases.) Once we consider nested choice processes, the value function on the nest
has implications for observed choice, as changing the value of a nest changes its attractiveness
without changing the conditional probabilities within the nest. For example, suppose that we

specify cost function C,(p) where a > 1. Then the value of items D C By is

12 (10g2exp[u(z)/n2] —alog|D| | Dl

zeD

) 1 log Znen XDLU(2) /)
= T2 1og .

Hence unlike in the nested logit/entropy case, the agent is more likely to pick the default x*
when faced with n alternatives from B,, each of which has the same utility, than when faced
with m < n of them. This is consistent with evidence that consumers are less likely to purchase
when confronted with a large number of choices (e.g., Iyengar and Lepper (2000).)

The literature already provides several explanations for choice overload: it can come from
search or introspection costs (Kuksov and Villas-Boas, 2010; Ortoleva, 2013), or the contex-
tual signals provided by the menu (Kamenica, 2008). Our approach provides an alternative
explanation based on the agent’s ambiguity aversion about her true utility. The variational
preferences that correspond to C, have ¢4(x) = |A|~“e!~*, which means that the agent is more
uncertain about the utility from larger menus, while his uncertainty about the default option

is held constant, so that it becomes relatively more appealing as the menu grows.

8.3 Axiomatization

Here we provide the necessary and sufficient conditions for the nested a—entropy representation.

Axiom 8 (IIN). For any nests By, B; and menus A, A’ such that BN A = B, N A’ # () and

BNA=DBnA #0,
Pi(BilA) _ Pu(ByA)
Pi(Bi|A)  Pi(B|A)

This axiom, combined with positivity, ensures that the choice probabilities over nests are

as in the logit model.

Axiom 9 (Within-nest ITA). For any nest By, items z,y € By and menus A, A’ such that
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r,y € ANA
Px|A) _ P(z|A)

P(ylA)  P(ylA")

This axiom weakens ITA by imposing it only between items from the same nest; it is in the

spirit of nested logit and responds to the same red bus/blue bus critique.

Axiom 10 (Consistency). For each items D, D’ C By and z € B; # By,
P(z|DU{z}) < P(z|D' U {2}) iff P(D|DUD') > P(D'|DU D).

This axiom connects the choice probabilities of menus D, D’ belonging to the same nest and
their weakness with respect to an item z belonging to a different nest; it is similar in spirit to

Tversky (1972)’s order independence.?

Axiom 11 (a-Consistency). There exists « > 0 such that, for each items D, D" C By, and

2 € B; # By,

1

P(:|DU{2}) < P(:|D' U{2}) iff —P(D|DU D') > o

| DJ*

P(D'|DUD).

This axiom is a generalization of Axiom 10, allowing for a rescaling of the choice probabilities

of items D, D’ by their cardinalities to power a.

Axiom 12 (Separable Ratios). For any a,b,¢,d € By, and z € B, # By, if

Plal{a,b}) = P(c{c, d})

then

Plal{a, 2})/P(z[{a, 2}) _ P(cl{c, z})/P(zl{c, 2})

P(b|{b, z})/P(zI{b,z})  P(dl{d,2})/P(z{d, z})
This axiom is an adaptation of the axiom in Fudenberg and Strzalecki (2013) with the
same name; it connects the first stage choice and the indirect payoffs at the second stage. In
Fudenberg and Strzalecki (2013), the condition after ”"then” equalizes the choice probability

ratio of a over b and that of ¢ over d at the first stage. Since we can’t directly observe these

28 Order independence holds if for all z,y € A\ B and z € B, P(z|BN{z}) < P(z|BN{y}) iff P(z|A) > P(y|A).
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choice probability ratios in our set-up, we use the probability ratios of these items over another
nest’s item z to infer the relevant information.
We require a richness condition of the following form: for all v € (0,00), By, and = € B.

there exists y € By such that P(x|{z,y})/P(y|{z,y}) =~.

Proposition 11. Assume the richness condition. Fiz a nest structure { By} ,. Azioms 0, 8,

9, 11 ,12 are satisfied if and only if P is represented as a nested entropy model with menu-costs.

To prove this proposition, we first show that Axiom 9 implies that there is a utility function
u such that the choice within each nest is logit. Second, we show that Axiom 8 implies that for
some value function U choice between nests is also logit. Third, using Axioms 11 and 12 we
relate the value function U to the utility function w.

The following results is a straightforward implication of Proposition 11.

Corollary 1. Assume the richness condition. Fix a nest structure {Bk}szl. Azxioms 0, 8, 9,

10 ,12 are satisfied if and only if P is represented as a nested entropy model.

9 Conclusion

As we have shown, perturbed utility functions are relatively tractable and have an easily un-
derstood axiomatic characterization. They can be understood as describing choices of an agent
who faces ambiguity about his true utility, modeled as smooth variational preferences. These
features made it easy to develop further refinements, such as limited discrimination, which re-
laxes the ITA assumption implicit in the entropy cost function, and extensions to nested models
such as nested logit and cognitive overload, which may prove useful both in dynamic choice
theory and in applications to game theory and industrial organization. There is already some
empirical evidence for cognitive overload, but as noted by Chernev (2012), there has been rel-
atively little research on the related issue of the impact of menu size on the option chosen. We

hope that the analytic foundations provided here will stimulate further empirical work.
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Appendix: Proofs

A.1 Proof of Proposition 1

“If”: Invariant APU satisfies the following FOC
u(z) + MA) — d(P(z|A) =0

for each menu A and z € A, where A\(A) € R is the Lagrange multiplier associated with the
constraint ) _,p(z) = 1. Since ¢’ admits a strictly increasing inverse function, we can write
P(z|A) = 7Y u(2) +A(A)). Then P(z|A) > P(2'|A’) if and only if u(z) + A(A) > u(2") + \(4),
for any A, A" € Aand z € A, 2" € A'. Suppose there exists a cycle: P(zx|Ax) > P(z,|A}),

k=1,...,m, with at least one inequality strict. This implies a sequence of inequalities
w(z) + MAR) > u(zp) + MAY), k=1,...,m,

with at least one of them strict. By definition of a cycle, the sums of the LHSs and RHSs are
equal: D7 (u(zk) + AM(Ag)) = > 0, (u(z,) + A(A})), which is a contradiction.

“Only if’: By Theorem 4.1 of Fishburn (1970) acyclicity implies that there exist functions
u:Z — Rand A: A — R such that P(z|A) > P(Z'|A") iff u(z) + A(A) > u(z') + A(A’). Then
we can find a strictly increasing function h : (0,1) — R such that h(P(z]A)) = u(z) + A\(A)
for each (2, A) € X. Since X is finite we can take h to be a continuous function that satisfies
lim, 0 h(p) = —oo. Construct a C* strictly convex function ¢ : (0,1) — R by /(p) = h(p).
For each A € A consider the convex maximization problem maxpeaay Y ,c 4 u(2)p(2) —c(p(2)).
It’s unique solution satisfies u(z) + p(A) = ¢(p(z)) for some u(A) € R. Since ), ,p(z) =
> .ca P(z|]A) =1 and ¢! is a strictly increasing function, it follows that p(A) = A(A); hence
p(z) = P(z|A). Q.E.D.
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A.2 Proof of Proposition 2

“If’: Axiom 0 is clearly satisfied by the assumption lim, o ¢’(¢) = —oo. Note that invariant

additive perturbed utility implies a FOC of the form
u(z) + A(A) — ¢ (P(z]A) =

where A(A) € R is the Lagrange multiplier associated with the constraint » | _, p(x) = 1 in the

optimization problem. This implies

¢(P(z]A)) = d(P(ylA)) = ¢(P(x|B)) — ¢ (P(y| B))

for each A, B and x,y € AN B. Setting the strictly increasing function f : (0,1) — R, by

f(q) = exp|c(q)], we obtain
f(P(x]A)) _ [f(P(z|B))
f(P(ylA))  f(P(y|B))

for each A, B and =,y € AN B, so that Axiom 2 is satisfied.

“Only if”: Construct a cost function by setting ¢'(q) := log(f(q) — lim,_o f(r)) where f is

taken from Axiom 2. Because f is strictly increasing, ¢ is well-defined by ¢(q) = [ ¢/(t)dt as ¢ is

0
Riemann integrable. Note that ¢ is C* and strictly convex, and that lim, 0 ¢(¢) = —oo. Fix any
item x and set u(z) := 0. For any other item z # z, set u(z) := /(P (z|{z, 2})) = (P(z|{z, 2})).

Take an arbitrary menu A and pick up two items vy, z from it. There are two exclusive cases.

Case (i): x € {y, z}. Set y = = without loss. Then

u(z) —u(z) = (P, 2}) - ¢(P(el{z, 2}))

(PGl )

- lg(f(P(:v!{x 1) )

= 0g f(P(Z * Ordina

= 1 (f(P(x]A ) (.Od IHA)
= J(P(z|A) - ¢(P(z]A)
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Case (ii): = & {y, z}.

u(z) —uly) = (PN, 2)) — ¢(Pal{r. 2}) — ¢ (Plyl{a.y}) + (Pl {x.p))
) log(f<P< 2, 2) F(P <x|{x,y}>>>
F(P(el{z. 21) F(P(lz. )
L (PCHe ) Il D)
B 1g(f(P(xr{x,y,z}»f(P(y\{x,y,z}») (' Ordinal IIA)
(1Pl )
B 1g(f(P@Hac,y,z})))
L (IPEAN
- 1g<f<P<y|A>>> (. Ordinal I1A)

Therefore the equalities in the above two cases imply that FOC at A is satisfied. Since this

holds for any menu A, this proves that P is represented by an invariant APU. Q.E.D.

A.3 Proof of Proposition 3

Since the “if” direction is obvious, we only prove the “only if 7 direction.
Fix any x € Z and set o := u(x) —v/(z). If u and v’ represent the same choice data P under
invariant APU with the same cost function ¢, then for any item y # z there exist Lagrange

multipliers A({z,y}) and XN ({x,y}) such that
u(z) + A({z,y}) = ¢(P(el{z,y})), w(y) + A{z,y}) = (Py{z, y}),

u(@) + A({z,y}) = ¢(P(l{z,y}), v'(y) + Xz, y}) = (P(yl{z, y})),

hold. This implies u(y) — v/ (y) = —A({z,y}) + N({z,y}) = u(z) — /() = a. Q.E.D.
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A.4 Proof of Proposition 4

For any ¢ : R — R that is C', strictly convex, and satisfies (—1,0) C range(¢’) and any cost
function ¢ define the functions Vj, : A(A) — R and V. : A(A) — R as follows:

Note that the minimizer in the definition V}, exists and is unique. Note also that V,(p) —
Ve(p) =2 ca {c(p(z)) + min,_cg [p(z)ez + gb(ez)} } For any function ¢ define the function (/zAS as
(€)= ¢(—€). Then c(p(2)) + min. ez [p(2)e: + d(e:)] = ¢(p(2)) + mine.ce —[p(2)e: — Ble.)] =
c(p(2)) — maxe.ce [p(2)e: — d(e.)]

To prove the first part of the proposition, fix ¢ and define ¢ to be the convex conjugate of qg,
i.e., ¢(q) = sup.{qge — ¢(e)}. Then ¢(q) = —¢/"}(—q) and so limy_,o ¢ (¢) = limg_,o —¢' ' (—¢q) =
—o00, from the assumption (—1,0) C range(¢’) C (—o0,0). Thus, ¢ is a cost function and
Ve(p) — Ve(p) = 0 for all p.

To prove the second part of the proposition, note that if we choose ¢ so that é is the convex
conjugate of ¢, i.e., ¢(—¢) = ¢(e) =: sup,~oieq — c(q)}, then ¢ (w) = ¢~ (—w), so it is strictly
convex and satisfies (—1,0) = range(¢’). By the Fenchel biconjugation theorem (Theorem 12.2
of Rockafellar, 1970) ¢ is the convex conjugate of ¢, so likewise Vu(p) — Ve(p) = 0 for all p.
Q.E.D.

A.5 Proof of Proposition 5

Take any A, B with A 2Z* B such that z,y € AN B and P(z|A) > P(y|A). Because A Z* B,
we have both P(z|A) > P(z|B) and P(y|A) > P(y|B), since otherwise there would be a
menu-cycle. Thus from the FOCs u(x) + A(A) = ¢/(P(z]|A)) of an invariant APU, it follows
that A(A) > A(B) and u(x) > u(z). Using these FOCs, we can express the log-ratio of choice
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probabilities as

POA) (¢ ) £ AA)
o (P(yIA>) = loe <c'—1<u<y> TAA)
— h(u(x) + AA)) — hluly) + A(4))
> h(u(x) + A(B)) — h(u(y) + A(B))
g (¢ e £ X(B)
T uly) + A(B))
L (PalB)
- lg<P<y|B> ’

where the inequality follows by the convexity of h, u(z)—u(y) > 0, and A\(A) > A(B). Therefore
P(z|A)/P(y|A) > P(x|B)/P(y|B), completing the proof. Q.E.D.

A.6 Proof of Proposition 6

1):
In order to show Axiom 4, take any sequence of menus A, such that z,y € A, for each
n and lim, P(z|A4,) = lim, P(y|4,) = 0. From the FOC u(x) + A\(4,)) = ¢/(P(x|A,)) and
lim, o ¢ (¢) = —o0, P(x|A,) — 0 implies A\(A4,) — —oo. Therefore
P(!L“|An)> ( ¢ Hu(z) + (An))>
log( = log
P(y|An) Hu(y) + A(An))
= h(u(@) + A(An)) = h(u(y) + A(An))

— 0

as n — 0o. Therefore zlzg\lfng — 1.
2):

Suppose to the contrary that there exists r > 0 such that h(r —t) —h(—t) does not converge
to 0 as t — oo. Let b € (0, 00| denote the limit superior of the sequence. Then there exists a
sequence {\,}>2, such that A, — —oc and h(r + \,) — h(\,) — b.

Choose a natural number k and construct a sequence ((h(Z + \,) — h(( ) )Y el

n=1"
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More explicitly, this sequence takes the form

r 2r r k—1)r r
h(E+>\1)—h()\l),h(?+)\1)—h(%—i—)\l),...,h(r%—)\l)—h(( 2 ) +)\1),h(E+)\2)—h()\2),...
If this sequence converges to 0, then it follows that

T (= Dr
h An) — h(A) = h(=—+A\,) — h An 0,
(”)();(/ﬁ)<k+“

a contradiction. Therefore the sequence does not converge to 0. Let b > 0 denote its limit
superior, and consider a sequence (\,)°, such that A, — co and h(y + An) — h(An) = b,
Because k was an arbitrary natural number, take it large enough such that ¢ € [%, % +9),
where ¢ is uniquely defined by equation { = ¢/(¢) — ¢(1 — ¢). By the Richness condition there
exists x,y such that P(z[{r,y}) = ¢. Then { = c/(¢) — (1 — ¢) and FOCs at {z,y} suggest
that u(r) — u(y) = . We assume u(y) = 0 without loss of generality.
Because of \, — —o0, we have ¢’ R+ :\n) — 0. Therefore by the Richness condition, for

all sufficiently large n, there exists A, such that z,y € A, and ¢~'(% + An) = P(z|A,) hold.
FOC u(z) + A(A,) = ¢ (P(x|A,)) and u(z) = { imply that An = A(A,). This leads to

P(z|A,) L HE+A,)
tog (P(yIAn>) = g( 1) >
(

as n — 0o. Because of b > 0, lim ig:ﬁ:; > 1 follows, which contradicts Axiom 4. Q.E.D.

A.7 Proof of Proposition 7

Take items x, y such that =,y € A, for each n in a sequence of menus {4,,}°°; with P(z|A,) — 0
and P(y|A,) — 0. Assume u(x) > u(y) > 0 without loss of generality. We use the notation

A, ={x,y, 27, ..., zﬁ%'d} to describe each menu A,,.
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Let (ex)52, : 2 — R* be a random variable defined on the probability space (€2, P) such
that each ¢, independently follows distribution F' over R. Let ¢; and e, be the noise terms
associated with x and y, respectively.

Define B™ C ) as the set of states under which z is chosen from A,, so that P(z|A,) =
P(B™). We can write it as

B" = {w € Qley(w) > va(w) — ul)}

where v, is a random variable defined by v, (w) := max{u(y) + ez(w), maxg—1, |a,|-2{u(z}) +

€rra(w)}}-

Next we construct a set of states D™ C B™ such that P(D™) bounds P(y|A,) from below.
This is defined by the last line of

P(y|An)

{0 € Ouly) + 2(w) 2 max{u(e) + @), max {u(z) +ewa)})

P
P{w € Qu(y) 4+ €1(w) > max{u(x) + e2(w), max Z{U(Z]?) + €pia(w)}})
P

Y]

Do u@) +ule) + ek (w)h)

(

(

({w € Qlu(y) + e1(w) = max{u(z) + u(y) + e2(w)
P({w € Qei(w) 2 va(w) + u(z) —u(y)})

= P(D")

where in the second line we used the assumption of (e) being i.i.d.

Therefore
P(ylA,) _ P(D")
P(z|A,) — P(B")

— P(D"|B")

where P (| B") is the conditional probability measure on B". Because ¢; and v,, are independent,

the conditional probability takes the form

1 — F(v, +u(z) —u(y))
1 — F(v, —u(x))

P(D"|B") = E

where the expectation is taken over v,,.
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Take any § € (0,1). Because of the long-tail assumption, there exists v > 0 such that

Lfosun)-uw) > /T =5 holds for all v > o.

Next, we have lim, . P({w € Q|v,(w) > v}) = 1. If not, the right-hand side of
P]An) =P({w € Qler(w) = va(w) —u(x)}) = P({w € Qfun(w) < o})(1 = F(v - u(x)))

does not converge to zero, which contradicts the hypothesis of Axiom 4. So there exists n
such that P({w € Q|v,(w) > 0}) > +/1 — ¢ holds for all n > n. Therefore P(D"|B") > 1—§
holds for all n > n. Because § was arbitrary, we get P(D"|B™) — 1 as n — oo, implying that

P(y|An)
P(zmn) — 1. Q.E.D.

A.8 Proof of Proposition 8

The “If” part is obvious. To prove “only if,” note that Axiom 5 implies that P(z|A) > P(2'|A)
iff P(z|Z) > P(2'|Z) for each A € A, and also that P(z|A) = P(2'|A) ift P(z]|Z) = P(Z|Z).
Thus for each A we can construct a strictly increasing, continuous, and bounded function
Wy : R — (0,1) such that Wa(P(z]Z)) = P(z|A) for each z € A. Because of the Positivity
Axiom, we can require such Wy to satisfy lim, W;l(p) = —o0. Construct a strictly convex
and C" function c4 : (0,1) — R by ca(p) = [T W' (p)dp.

Set u(z) = P(z|Z) for each z € Z. Then u(z) — d4(P(z]A)) =0 for each A € A and z € A.
This is the FOC of the maximization problem maxXpcinta(a) D, 4(U(2)p(2) — ca(p(2))) in which
Lagrange multiplier associated with ) _, p(z) = 1 is zero. Because of strict convexity, P(A) is
the solution to the maximization problem, proving that P is represented by an item-invariant

APU. Q.E.D.
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A.9 Proof of Proposition 9

“If?: Let P be represented by a menu-invariant APU. Axiom 0 is clearly satisfied. Suppose

Axiom 6 was violated, i.e., there exists a sequence of the form

(217141) f, (21,142), (ZQ,AQ) i (22,143) ceey (me‘lm) i (ZmaAl)

where at least one of these preferences is strict. Note that the FOC implies P(z|A) = ¢ (u(2)+
A(A)) for each A, z € A, where A(A) is the Lagrange multiplier associated with ) _, p(z) = 1.
Because each ¢ is strictly increasing, the sequence of preference comparisons is equivalent to

the sequence of inequalities
w(z1)+AA1) > u(z1)+A(A2), u(z2)+A(A2) > u(2z2)+A(As), ..o, wul(zm)+A(Am) > u(zm)+A(A),

where at least one of them is strict. Summing up the LHSs and RHSs, we have > " u(z;) +
AA;) > D" u(z) + A(A;), a contradiction. Therefore Axiom 6 must hold.

“Only if”: If Axiom 6 holds, by Theorem 3 of Clark (1990), there is a numerical representa-
tion of menus A : A — R such that for any menus A, A" and item z € ANA’, P(z|A) > P(z|A)
if and only if A(A) > A(A’). Then for any item z we can construct a strictly increasing and
continuous function h, : (0,1) — R such that h,(P(z|A)) = A(A) holds for each menu A > z.
Note that by Axiom 0 we can require lim,,o h,(¢) = —oo. For each item z, construct a strictly
convex C' cost function ¢, : (0,1) = R by ¢.(¢q) = [ h.(p)dp and utility u(z) = 0. Then we
have FOC ¢, (P(z]A)) = u(z) + A(A) for each menu A and item z € A, which ensures that P is

represented as a menu-invariant APU. Q.E.D.

A.10 Proof of Proposition 10

To see this, assume Axiom 7, and suppose A C B. Toward contradiction suppose there exists
z € A such that P(z|A) < P(z|B). Then Axiom 7 would imply P(z'|A) < P(2'|B) for all
7 € A, and we would have 1 =" ,_, P(#'|A) <>, .. P(¢|B) <>, .5 P(¥|B) =1 Q.E.D.
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A.11 Proof of Proposition 11

We only show the sufficiency of the axioms, because their necessity is straightforward.
Step 1: There are values U(D) for any subset of each nest D C By, such that the first stage

choice probabilities can be written as

exp[U(Br N A)]
2o explU(BiNA)

Fix a nest By and its subset D and set U(D) := 0. Next, for any other nest B; and its

subset D' C By, set U(D') := log% Then, using such D" C B, we set U(D") :=

log % exp|U(D")] for any D" C By, D" # D.

For any nests B,,, B,, with n,m # k, and their subsets DC B,,D C B,

Py(Bi|A) = (13)

Pi(B,|A) P(B,,DUDUD)
Pi(BylA) — P{(Bn|DUDUD) (- 1IN)
_ P(B.JDUDUD) Pi(By|DUDUD)
~ P(By/DUDUD)P(B,|DUDUD)
Py(B,|DUD) Py(BJDUD)
= = (- 1IN)
P,(By|D U D) Pi(B,|DU D)
_ exp[U(D)] exp[U(D)]
exp[U(D)] exp[U(D)]
_ explU(D)]
exp[U(D)]

whenever AN B, = D and AN B,, = D. The case of n = k and/or m = k is analogous. This
leads to the desired claim (13).

Step 2: There are positive values W (z) for each item z such that the second stage choice

probabilities can be written as

Py(xz|By, A) = )
2(1’| k> ) ZzeBkmAW(Z)

(14)
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For any nest By, menus A, A" and items z,y € AN A’, we have

Py(x| By, A) _ P(z|A)
Py(y| By, A) P(ylA)
P(z|A) o
— - Within-nest ITA
PulA) | )
_ PQ(.CE‘Bk,A/)
P2(y|Bka A/) ‘

Then, following essentially the same argument in the previous step, we can construct values
{W(2)}.ep, that satisfy (14). Note that by the richness condition and (14), {W(z)|z € Bx} =
(0,00) holds at each nest By

Step 3: For each nest By, there exists 7, > 0 such that for all D C By

U(D) = ny <logZW(z) — alog |D\> : (15)

z€B

For each nest By, its subsets D, D" and any item z € B; # B, we have

exp[U(D)] 2 exp[U(D")] & P(Bp|DU{z}) = Pi(By|D"U{z}) (. Stepl)

& P(D|DU{z}) > P(D'|D'U{z})

& ’D‘QP(D]D ubD’) > ’DllaP(D’\D UD") (. a-Consistency)
1 1
Wiz) > W(z). (. Step2
< | Do ZEZD (2) > |DJre ;l (2). (. Step2)

Therefore, for each By, we can find an increasing function f; such that exp[U(D)] =
fk(ﬁ Y ep W(2)) for all D C B,

By the richness condition, for each v € (0,00) and a,c € By, there are b,d € By, such that

P(al{a,b}) _ P(c[{c,d})

P(bl{a,b})  P(d[{c,d})
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By Separable Ratios, for any z € B; # By

Pi(Bil{a, 2}) A(Bil{b,2})  Pu(Bil{c, 2}) P(Bil{d, z})

Pi(Bil{a, z}) Pi(Bil{b, 2})  Pu(Bil{c, 2}) Pu(Bil[{d, 2})’

which is, by Step 1, equivalent to

exp[U({a})] exp[U({z})] _ exp[U({c})] exp[U({z})]
exp[U({z})] exp[U({b})]  exp[U({z})] exp[U({d})]’

| fe(W(@)) _ fuW ()
FWB) ~ fu(W(d)

Py(a]By.{ab)) _ Pa(c|Bifed)) _ W(a)
Po(o|Br{ab)) — Pa(dBifed)) W)

Because of v = = ;,Vgg by Step 2, this leads to the functional

equation of the form

fe(yr) = gr(7) fi(r)

for all 7, > 0. This is a special case of the Pexider functional equation?® and the nonzero

solutions are of the form fi(r) = Byr™ for some Sy, n, > 0.

Therefore
1
plU(D)] = Ji <|D|a;w<z>)
] Mk
= ﬁk<|D|aZ€ZBW<z>>

= exp [logﬁk +mi(log Y W(z) — alog|D|)
2€B
Fix an item z; € Bj. We normalize the values {W(2)},ep, by multiplying a positive
constant to satisfy W(xy) = exp[U({xx})/nx]. Note that this normalization does not affect any
previous steps. Then the above equation implies exp|[U({x1})] = exp [log 1, + U ({xx})], which
leads to 5y = 1. This proves (15).

Step 4: There are utilities {u(z)}.,cz such that P is represented by a nested entropy model

29See Theorem 4, Section 3.1 of Aczél (1966).
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with cost coefficients {n;}5_,.
Set u(z) := U({z}) for each item z € Z. Then, for any nest By and item z € By, (15)

implies W (z) = explu(z)/nx]. Therefore (14) and (15) are written as

B explu(z) /i)
P2($|Bk, A) - ZzeBkﬂA exp[u(Z)/nk] ’

U(D) <logZexp 2)/n) — alog|D|> :

zeD

These equations and (13)-(14), combined with Lemma 1, imply that P is represented by a
nested entropy model with menu-costs. Q.E.D.

The following lemma follows from the well-known formula for the maximized value with
entropy cost (see Chapter 3 of Train (2009)) and the fact that C,(p) is the entropy cost minus
nalog |Al.

Lemma 1. For anyn >0, a > 0, and menu A,

pgm)Zp(Z) u(2) = nCalp —n(logzexp 2) /1) —a10g|A|>

zEA z€A
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